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Group [A] Set optimization

In the last few years there has been a growing interest in set optimization.
One of the reasons why this theory experienced such a tremendous growth is
probably because it turned out that many problems arising from a variety of fields
such as medical engineering, finance or economics lead to optimization problems
which are genuinely set-valued. Set optimization may also naturally arise from
problems in academic disciplines that are not closely related to mathematics, such
as social sciences. For instance, in social choice theory, individual preferences over
alternatives are described through models involving binary relations called preferences
relations.
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[M.H. Geoffroy, Y. Marcelin, D.K. Nedelcheva: Convergence of rela-
xed minimizers in set optimization, Optimization Letters 2017, 11(8):1677-
1690. DOI: 10.1007/s11590-016-1079-4 ( IF 1.013 ) Q2].In this paper we
investigate, in a unified way, the stability of several relaxed minimizers of set
optimization problems. We introduce a topology on vector ordered spaces from
which we derive a concept of convergence that allows us to study both the upper
and the lower stability of the sets of relaxed minimizers we consider.

Throughout, X is a general Banach space while Y is a Banach space ordered
by a nonempty, closed, convex and pointed cone C' C Y through a binary relation
< defined by y; < ys if and only if yo —y; € C.

We consider a set-valued mapping F), acting from X to the subsets of Y,
indicated by F' : X = Y the domain of which, denoted by dom F), is nonempty.
We recall that dom F' = {z € X|F(x) # (0} while the notation gph F' stands for



the graph of F) i.e., the set of those pairs (z,y) € X x Y such that y € F(x). We
consider the following set optimization problem:

(P) - minimize F(x)
" | subject to xz € D;.

where the mapping F' is the objective function of the problem (P) and the
so-called feasible set D is a closed subset of dom F. Solving this problem consists
of finding all vectors z € D for which there is a vector § € F(Z) such that 7 is
a minimal point of F(D). Such a pair (z,y) € gphF'N (D x Y) is then called
a minimizer of the problem (P). In this paper, our purpose is to investigate the
asymptotic behavior of sequences of minimization problems. More precisely, given
a sequence of optimization problems (P, ), the data of which converge in some sense
to the data of the set optimization problem (P), we study the convergence of the set
of minimizers of (P,) to the set of minimizers of (P). We work with a wide class of
relaxed minimizers, called c—minimizers, and study their stability in general Banach
spaces. The class of minimizers we consider together with the fact that we work in
infinite-dimensional spaces allows us to extend many results established for scalar
and vector optimization.

[M. Gaydu, M.H. Geoffroy, C. Jean-Alexis, D.K. Nedelcheva: Stabili-
ty of minimizers of set optimization problems, Positivity 2017, 21(1):127-
141. DOI: 10.1007/s11117-016-0412-6 ( IF 0.92 ) Q2]. We study the asympto-
tic behavior of sequences of minimization problems in set optimization. More precisely,
considering a sequence of set optimization problems (Pn) converging in some sense
to a set optimization problem (P), we investigate the upper and lower convergences
of the sets of minimizers of the problems (Pn) to the set of minimizers of the
problem (P).

The description of asymptotic behavior of families of minimization (or maximi-
zation) problems is a popular topic in optimization. It finds its motivation in many
mathematical problems, may they come from industrial applications, economic
modeling or, of course, abstract mathematical questions. In several situations it
is convenient to substitute the study of the asymptotic behavior of a family of
optimization problems with the study of a so-called “limit problem”. Naturally, this
limit problem must capture the main behavior of the minimizers (or the maximizers)
of the family of problems being dealt with and its solutions need to be more easily
obtained. Conversely, given a set optimization problem for which the solutions are
difficult to characterize it maybe helpful to find approximate problems of the original
one, the solutions of which are easier to handle.

In this work, we consider the following set optimization problem:

(P) - minimize F(x)
" | subject to x € D;.



where the mapping F' is the objective function of the problem (P) and the set
D is a closed subset of dom F' called the feasible set. Solving this problem consists
of finding all vectors Z in the feasible set D for which there is a vector y € F(Z)
such that ¢y is a minimal point of F(D). In literature, many papers dealing with
the stability of minimizers in vector optimization focus on both Pareto and weak
minimizers. Nevertheless, to be able to work with weak minimizers we need the
ordering cone C to be solid, i.e., to have a nonempty interior; this assumption seems
somewhat restrictive since many natural ordering cones in the infinite dimensional
setting do not fulfill this condition while, even in finite dimensions, several vector
optimization problems happen to be modeled using nonsolid ordering cones. Taking
this situation into consideration, we chose to take a different approach by considering
another concept of relaxed minimizers, namely,the relative minimizers. Relative
minimizers are defined similarly to weak minimizers except that the interior of the
cone (' is replaced with its relative interior, a less restrictive concept.

We consider the following sequence of set optimization problems (Pn) given
by

(P) - { minimize F,(z)
"7 subject to x € Dy;.

where we assume that, for all n € N, F, : X = Y, domF, # () and
D, is a nonempty and closed subset of dom F},. In this paper we introduce and
discuss the two notions of convergence of set- optimization problems we will use
to establish our stability results, namely, the Painleve-Kuratowski-like convergence
(PKL-convergence for short) and the I'—convergence. We begin by investigating the
upper convergence of both relative and strong minimizers; more precisely, we show
that if a sequence of set -optimization problems (P,) PKL-converges to the problem
(P)then any cluster point of a sequence of suitable approximate relative minimizers
(respectively, approximate strong minimizers) of the problems (P,) is a relative
minimizer (respectively, a strong minimizer) of the problem (P). Afterwards, we
study the lower stability of minimizers of the problem (P). We show that any relative
minimizer of (P) can be approximated by a sequence of approximate minimizers of
the problems (P,) whenever the sequence of problems (P,) I' — converges to the
problem (P).

[D. Kamburova and D.K. Nedelcheva: "Variational Principles for
supinf Problems with Constraints Geometry, Integrability and Quanti-
zation, 2020, pp 163-169. DOI: 10.7546/giq-21-2020-163-169] Variational
principles are a group of results that concern sufficient conditions under which
after a perturbation of a lower semicontinuous function, bounded from below, by a
function with an arbitrary small norm, the perturbed minimization problem has a
solution. In this paper the following supinf problem with constraints is considered:



(P) sup inf f(x,y)

re X,y€e Kz

where X and Y are completely regular topological spaces, K : X = Y is a
set- valued mapping and f : X XY — [—00, 00| is an extended real-valued function.

First some preliminaries are presented followed by a recent result [Gaumont
D., Kamburova D., Revalski J. P., Perturbations of Supinf Problems with Constraints,
Vietnam J. Math. 47 (2019) 659-667] which considers a variational principle for
the problem (P). The last section is devoted to Stackelberg problem and finding
sufficient conditions that ensure validity of the presented results in case of Stackelberg
problem.

Group [B] Fixed point theorems and applications

Fixed point theory is an object of active research with a wide range of applicati-
ons in various fields. It includes results which state that under certain conditions
a self map f on a set X admits one or more fixed points, i.e., there exists a point
r € X such that f(zr) = x. In 1922, a theorem which concerns the existence
and uniqueness of a fixed point in a complete metric space was formulated and
proved by the Polish mathematician Stefan Banach. His result is known under the
name of Banach’s fixed point theorem or the Banach contraction principle. Using
the term Hausdorff metric, in 1969, Nadler introduced the notion of set-valued
contractions and proved a set-valued version of the Banach contraction principle.
Since then many mathematicians have worked tirelessly in this area and a number
of generalizations of Nadler’s contraction principle have appeared.

Papers group |B]

1. D. Nedelcheva, R. Marinov: "Fixed point theory monograph, Univer-
sity Publishing House at the Technical University - Varna, ISBN
978-954-20-0818-7

2. D. K. Nedelcheva: "Altering Points in Partial Metric Space Geometry,
Integrability and Quantization, 2020, pp 221-231. DOI: 10.7546 /giq-
21-2020-221-231

3. M. Hristov , A. Ilchev , D. Nedelcheva B. Zlatanov: "Existence
of Coupled Best Proximity Points of p-Cyclic Contractions Axioms
2021, 10(1), 39; doi.org/10.3390/axioms10010039

4. G. Gecheva, D. Nedelcheva, M. Ruseva and B. Zlatanov: "Applications
of Coupled Fixed Points for Multivalued Maps in the Equilibrium in
Duopoly Markets and in Aquatic Ecosystems Axioms 2021, 10(2),
44; doi.org/10.3390/axioms10020044
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5. D. Nedelcheva: "Methods for solving generalized equations book,
University Publishing House at the Technical University - Varna,
ISBN 978-954-20-0819-4

[D. Nedelcheva, R. Marinov: "Fixed point theory monograph, Univer-
sity Publishing House at the Technical University - Varna, ISBN 978-954-
20-0818-7]. The aim of this monograph is to provide an up-to-date overview of the
problems concerning fixed point theory, prove some double fixed point theorems for
contraction set - valued operators, and some single-valued results. The chapters are
devoted to the contemporary research and development of the fixed point theory.
This monograph contains mainly original research by the authors. It may be of
particular interest for a wide range of mathematicians whose area of expertise is
the fixed point theory.

The monograph consists of three chapters. Chapter 1 “Fixed points in metric
spaces” gives some historical background of the main problems presented in the
monograph. It also gives some basic definitions and well known results. The detailed
proofs of the Banach Fixed point theorem and Dontchev - Hagger’s Fixed point
theorem can be found here, too. It discusses the general convergence methods in
the setting of a metric space and studies the existence of a solution of generalized
equations with the help of the fixed point theorems in metric spaces.

Chapter 2 “Fixed points in cone metric spaces” gives some basic definitions and
well known results in cone metric spaces. This chapter discusses the existence and
the uniqueness of the fixed points for a composition of two set - valued mappings in
cone metric spaces. More precisely, we consider the fixed point theorem for o — 1)—
contraction set - valued mappings in cone metric spaces, proved by Kutbi and
Situnavarat and prove an extension of their result for a composition of two set
- valued mappings, using o — § — ¢ — e— contraction set - valued mappings. We
prove the uniqueness of the fixed point in the single valued case under an additional
assumption, too. Moreover, we study the existence and the location of coupled fixed
points and common fixed points for these types of mappings.

In Chapter 3 “Fixed points in partial metric spaces” we establish several fixed
point theorems, which generalize and complement some already known results. We
prove the existence of an altering point for two set - valued mappings in complete
partial metric spaces. Moreover, we study the existence and the location of coupled
fixed points for a composition of two pseudo-contractive-type set-valued mappings
in the setting of partial metric spaces by using Bianchini-Grundolfi gauge functions.
We prove the existence of a solution of the generalized coupled fixed point problem
in partial metric spaces.

[D. K. Nedelcheva: "Altering Points in Partial Metric Space Geomet-
ry, Integrability and Quantization, 2020, pp 221-231. DOI: 10.7546 /giq-
21-2020-221-231]. A partial metric space, which was introduced in 1992, is a
generalization of the notion of metric space such that the distance of a point from



itself is not necessarily zero. Later, many scientists worked on fixed point theorems
for set-valued mappings on partial metric spaces.

This paper elaborates on a composition of two set-valued mappings in partial
metric spaces. Let (X, p) and (Y, o) be two partial metric spaces. Let F' : X = Y and
G Y = X be two multi-valued operators. The problem is to find (z*,3*) € X x Y
such that:

z* e G(y*)
y* e F(z").
Then, (x*,y*) is called altering point of F' and G. In this paper we prove the

existence of an altering point for two set - valued mappings in complete partial
metric spaces.

[M. Hristov , A. Ilchev , D. Nedelcheva B. Zlatanov: "Existence
of Coupled Best Proximity Points of p-Cyclic Contractions Axioms 2021,
10(1), 39; doi.org/10.3390/axioms10010039]. It turns out that there is a great
interest on coupled fixed points the last years, both in fundamental results and their
applications. We generalize the notion of coupled fixed (or best proximity) points
for cyclic ordered pairs of maps to p—cyclic ordered pairs of maps.

A notion that generalizes fixed point results for non-self maps is that of cyclic
maps, i.e., T': A — B, T : B — A. Sometimes the classical equation x = Tz may
not posses a solution, and thus fixed points results could not be applied. We can
alter the problem = = T'x to the optimization problem min{||z — Tx||}. Tt is already
known that z is called a best proximity points of T in A if ||z — Tz|| = dist(A, B) =
inf{|la—b|| : a« € A,b € B}. The notion of best proximity points actually generalizes
the notion of cyclic maps, as far as if AN B # (), then any best proximity point is
a fixed point, too.

We have tried to unify already existing techniques to get results for the
existence and uniqueness of coupled fixed (or best proximity) points for p—cyclic
maps. More precisely, we find sufficient conditions for the existence and uniqueness
of the coupled fixed (or best proximity) points. It turns out that best proximity
points are interesting not only as a pure mathematical results, but also as a possibility
for a new approach in solving of different types of problems. We mention a new kind
of applications in the theory of equilibrium in duopoly markets. We illustrate the
results with an example that covers a wide class of maps.

|G. Gecheva, D. Nedelcheva, M. Ruseva and B. Zlatanov: "Applicati-
ons of Coupled Fixed Points for Multivalued Maps in the Equilibrium
in Duopoly Markets and in Aquatic Ecosystems Axioms 2021, 10(2), 44;
doi.org/10.3390/axioms10020044]. In the late twentieth century Dontchev and
Hager successfully presented an extension of Nadler’s fixed point result for set -
valued mappings. They determined the location of a fixed point with respect to an
initial value of the set—valued mapping. Their conclusion was obtained under two



modified conditions and it has been playing an important role in the development
of the metric fixed point theory. One kind of a generalization of this result is the
notation of coupled fixed points. We have obtained a new class of ordered pairs
of multivalued maps that have pairs of coupled fixed points. More precisely, we
consider two set-valued maps F} : X XY = X and F;, : X XY = Y, where
(X,p) and (Y, o) are complete metric spaces. We prove the existence of at leased
one ordered pair (z,y), such that = € Fi(z,y) and y € Fy(z,y), which is call
generalized coupled fixed point for the ordered pair of set—valued maps (F}, Fy). We
illustrate the main result with two examples, that cover wide range of models. We
apply the main result in models in duopoly markets to get an existence of market
equilibrium and in aquatic ecosystems to get equilibrium too.

[ D. Nedelcheva: "Methods for solving generalized equations book,
University Publishing House at the Technical University - Varna, ISBN
978-954-20-0819-4]. There are practical applications of fixed point theory to
generalized equations, to systems of nonlinear variational inequalities, to systems
of hierarchical variational inequalities, to game theory, and so on.

In this book we study the local convergence of three methods for solving
generalized equations. Wide variety of variational problems such as linear and
nonlinear complementarity problems, systems of nonlinear equations, first-order
necessary conditions for nonlinear programming etc. can be solved by applying
generalized equations serving as an abstract model. They are also widely used in
engineering and economics.

In Chapter 1 "Basic definitions and results"we give some historical background
of the main problems presented in the book. We also give some basic definitions
and well known results.

In Chapter 2 "Newton type method involving point based approximation"we
study the local convergence of the method

0€ A(pa T, xk’-i-l) + F(l’k+1),
in order to find the solution of the generalized equation
find x€ X suchthat 0€ f(p,z)+ F(z).

We show that this method is convergent to the value s(p) of the Lipschitz continuous
localization of the solution mapping , if the mapping

is strongly metrically regular at x for 0 with associated Lipschitz continuous single
valued localization ¢ around 0 for Z of the inverse

(P, 7) + Vo f (., 2)(- —2) + F()]



f is Lipschitz continuous with respect to p uniformly with z, the function A :
P x X x X — Y is (n,a) - point-based approximation of f and V,f is Lipschitz
continuous with respect to x uniformly with p.

In Chapter 3 "Method of Chords for solving parametric generalized equations"we
study the local convergence of the chord method for solving nonsmooth generalized
equations of the form:

(1) find x€ X suchthat vy € f(z)+ F(z),

where f is a function and F' is a set-valued map acting from a Banach space X to
the linear normed space Y.
We study the local convergence of the method

(3) y € f(zr) + A(Tr — ox) + F(2p41),

if the set-valued map

[f(@) + Vf(@)( —a") + F()

is Aubin continuous at (0,z*) with a constant M for growth, f : X — Y is a
function, whose Fréchet derivative is L—Lipschitz and A € L(X,Y) is such that
2M ||V f(x*) — Al| < 1. Let us specify that when A = V f(xo) and y = 0 the method
(3) reduces to the well-known modified Newton method

0e f(ll’k) -+ Vf(ZL‘o)(ZL’k+1 — ZL‘k) + F(Ik_;,_l).

The main advantage of the method (3) seems to be the fact that one does not need
to calculate the derivative of the function f which in some cases might be quite
involved computationally.
In Chapter 4 "Secant type method"we consider generalized equations of the
form
0€ flp,x) +9(p,x) + F(x) (1)

is a subject of our research. We consider the method

0€ f(p,ar) + 9 xr) + (Vo f (0, 2r) + [P, Th—1, T 9]) (@1 — @1) + Fopga)  (2)

where f: P x X — Y is differentiable in a neighborhood of a solution (p, Z) of (2)
and g : P x X — Y is differentiable at (p,z) but may be not differentiable in a
neighborhood of (p,z). We show that this method is convergent to the value s(p
of the Lipschitz continuous localization of the solution mapping , if the mapping

f®,2) +g(p,x) + Vo f (0, 7)(x — 7) + F(2)

is strongly metrically regular at Z for 0 where (p, z) is solution of (2) with associated
Lipschitz continuous single valued localization o around 0 for  of the inverse

f(.2) + 9D, x) + Vo f (0, 7)(x — &) + F(x)] ",
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f and g are Lipschitz continuous with respect to both variables in a neighborhood
of the point (p,z), V,f is Lipschitz continuous with respect to z uniformly in
p, 4lip(o; O)ﬂﬁm(g; (p,z)) < 1, for the second order divided difference we assume
I, z,y, 2]l < K, K€eR.

We use method (3) and define an implicit mapping involving sequences of
iterates as elements of a sequence space. This way we prove an implicit function
theorem. Such theorems are commonly used in various parts of mathematics, including

partial differential equations, nonsmooth analysis, and numerical analysis.



Pes3omeTa

Ha CBbP3aHHUTE C KOHKYypCa HAyYHU TPYI0BE
Ha ria.ac.Ja-p Aunana KupunoBa Henemuena.

I'pyna [A] OnTumusanust Ha MHOXKeCTBA

[Tpe3 moc/ieiHUTE HSKOJIKO TOJMHU HAPACTBA HHTEPECHT K'bM ONTUMHU3AIA-
Ta Ha MHOKecTBa. EJHa OT NpUYMHUTE, IOPAId KOMTO Ta3H TEOPUs IPEThPIABa
TAaKOBA OTPOMHO Pa3BUTHE, BEPOATHO e (akTa, 4e MHOTO 3a1a9M, IPOU3THYAIINA OT
pazjnvyHu 06JIacTH KaTO WHZKEHEePCTBO B MeIUIIMHATA, (DUHAHCH UJIU HKOHOMUKA, Ce
CBezKJAaT A0 ONTUMU3aIUOHHU 3ada49U, B KOUTO y4aCTBaT MHOT'OSHAYHU I/I306pa}Ke—
ausg. ONTUMH3ANUATA HA MHOXKECTBA MOKe ChINO TaKa eCTECTBEHO Ja Bb3HUKBAT U B
32124 Ha aKaJeMUIHE JUCIMIIMHA, KOUTO HE Ca TACHO CBbP3aHU ¢ MaTeMaTHKaTa,
KaToO CONUATHNUTE HAYKH. Hampumep B TeopuaTa 3a COIMUATHEA N300D MHIMBULYA-
HUTE NPEJANOYUTAHUS TIPEJ aATEPHATHBUTE C€ ONUCBAT YPE3 MOJEJIHU, BKIIOUBAIIN
OWMHAPHU peJIallii, HAPEeUYeHHU PeJIaliis Ha HMPeIOTUTaAHN.

ITy6nukanuu or I'pyna [A]

1. M.H. Geoffroy, Y. Marcelin, D.K. Nedelcheva: Convergence of relaxed
minimizers in set optimization, Optimization Letters 2017, 11(8):1677-
1690. DOI: 10.1007/s11590-016-1079-4 ( IF 1.013 ) Q2

2. M. Gaydu, M.H. Geoffroy, C. Jean-Alexis, D.K. Nedelcheva: Stability
of minimizers of set optimization problems, Positivity 2017, 21(1):127-
141. DOI: 10.1007/s11117-016-0412-6 ( IF 0.92 ) Q2

3. D. Kamburova and D.K. Nedelcheva: "Variational Principles for

supinf Problems with Constraints Geometry, Integrability and Quanti-
zation, 2020, pp 163-169. DOI: 10.7546 /giq-21-2020-163-169

[M.H. Geoffroy, Y. Marcelin, D.K. Nedelcheva: Convergence of relaxed
minimizers in set optimization, Optimization Letters 2017, 11(8):1677-
1690. DOI: 10.1007/s11590-016-1079-4 ( IF 1.013 ) Q2]. B rta3u crarusa
uscjaeaBame, 110 €J1H yHI/ICbI/H_[I/IpaH Ha41H, CTa6I/IJIHOCTTa Ha HAKOH TOYKH Ha JOCTHU-
TaHE Ha CJIa6 MHHHUMYM 3a MHOT'O3HAYHUTE ONTUMU3AIIMOHHH 3ada49U. B’bBe}K,ZLaMe
TOIIOJIOTUS BbPXY BEKTOPHU HAPEIEHH IPOCTPAHCTBA U KOHIEIITHS 33 CXOIUMOCT,
KOSTO HH MMO3BOJISIBA JIa U3CJIEIBAME, KAKTO CTAOUIHOCT OTTOPE, TAKa U CTAOUIHOCT-
Ta OTIOJIY Ha MHOXKECTBOTO OT TOUKH HA JIOCTUTAHE HA CJ1aO MHUHUMYM.

Paszriexmame bBanaxoso npocrpancrso X u bBanaxoBo npocrpanctso Y Ha-
pesieHo OT Hempas3eH, 3aTBOPEH, M3IbKHAI 1 3a0cTpeH konyc C' C Y mocpenacTtBom
penanusta < nedpuHUPaAHA, Ipe3 y; < Y TOTaBa W CAMO TOTaBa, Korato ys —y; € C.
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Pasriexmame Mmuorosnauano nzobpaxkenue F, nedunupano Bbpxy X, ¢beC CTOf-
HOCTH TOJIMHOXKeCTBaTa Ha Y, o3Ha4deno ¢ F': X == Y ¢ Henpa3no aedpuHUITUNOHHO
HOKecTBO, o3HayeHo ¢ dom F, kato dom F' = {z € X|F(z) # (0}. O3nauenunero
gph F' u3nos3BaMe 3a rpadgukaTa Ha MHOMO3HAYHOTO H300pazkeHue F, T.e. MHOXKEC-
TBOTO OT TOUKM (x,y) € X X Y makupa, ye y € F(x). Pasiexaame ciegnara
3aJa49a Ha OIITHMU3alldTa Ha MHOI'O3HAYHU I/I306pa}KeHI/IHZ

(P) Ja ce HaMepSAT TOYKUTE, B KOUTO F'(X)I0CTHra MHHIMYM
" | upwu ycioBue, ye x € D;

Kbjero F e nesesara Gynknus na 3agadara (P), a Maoxecrsoro D e 3aTBOpe-
HO MOJAMHOXKecTBO Ha dom F. PeraBanero Ha Ta3m 33/i1a49a ¢e ChCTOM B HAMUPAHETO
BCHYKHN BeKTOpH T € D 3a KOUTO ChINECTBYBa BeKTOp § € F(Z) Taka, 9e § e TOIKa
ma muauMyM 3a F'(D). Takasa apoiika (Z,y) € gph FN(D xY') ce napuvda MUHAME-
3aTop Ha 3ajada (P). B tasu crarus, Hamara 1es e Ja u3cJaeIBaMe aCHMITOTHYHO-
TO HOBEJACHUE Ha PEJUIMTe OT 3334 3a MUHUMuU3upane. [To-Touno, pasriexiame
peaIa OT ONTUMHE3ANMOHEN 3389 (P,), TaHHuTe 0T KOUTO Ca CXOAIIN B OTpe/ie-
JIeH CMUCHJ KbM JAHHATE Ha 3ajajeHara ontumusanuonna 3agada (P). Mzygasa-
Mé CXOIMMOCTTA Ha MHOXKECTBOTO OT MUHUMH3ATOPH Ha (P,) K'bM MHOXKECTBOTO OT
mvuaEMI3aropu Ha (P). PaGoTtnM ¢ mupok Kiaac crabu MHHUMH3ATOPU, HAPEYEHU
C— MHHHMHI3aTOPH, U H3ydaBaMe TAXHATA CTAGIIHOCT B BaHAXOBH HPOCTPAHCTBA.
KnachT Ha MUHEMH3ATOPHTE, KOUTO pasljiezkaaMe 3aejH0 ¢ pakTbT, 4e padoTuM
B Oe3KpaifHOMEPHU MPOCTPAHCTBA, HU MO3BOJISABA J1a PA3NIUPUM MHOT'O PE3YJITaTH,
JIOKA3aHW B CKAJAPHATA M BEKTOPHA OINTHMU3AIN.

[M. Gaydu, M.H. Geoffroy, C. Jean-Alexis, D.K. Nedelcheva: Stabili-
ty of minimizers of set optimization problems, Positivity 2017, 21(1):127-
141. DOI: 10.1007/s11117-016-0412-6 ( IF 0.92 ) Q2].

NzyuaBame acHMITOTHIHOTO TIOBEICHHE HA PEINTA OT 3aa9N 32 MUHUMU3H-
paHe Ha MHOTO3HAYHU m300pazkenusi. [10-TOYHO, pasriekgaliku pegurara OT Oll-
TUMH3ANNOHHN 331249 Ha MHOXKecTBa (Pn), cXodmma B HIKAKbB CMECHI KbM OIl-
TUMH3ANHOHHATA 3aaa4a (P), Hue w3caeqBaMe rOpHATa U JOJHATA CXOJAUMOCT HA
MHOYKECTBATa OT MUHUMU3ATOPU Ha 3a1adute (Pn) KbM MHOXKECTBOTO OT MUHHUMH-
3aTopu Ha 3amadarta (P).

Ornucannero Ha ACUMITOTUIHOTO MOBEJACHNE HA, (DAMUINT OT 33191 38 MUHU-
Mu3MpaHe (MM MAKCHMU3MPaHe) e MOIyJsipHA TeMa B onTHMu3aiusaTa. To HaMupa
CBOSITA MOTHBAIMSI B MHOTO MAaTEeMATHYECKH 33/a9M, KOUTO HAMHUPAT CBOETO MPU-
JIOKEHHEe B WHIYCTPHUATA, MOJEIUPAHETO B MKOHOMUKATA, KAKTO W B aOCTPAKTHU
MaTeMAaTHIECKH BBIPOCH. B HIKOM cUTyanuu € yao0HO J1a ce 3aMeHU U3CJIeIBAHETO
HA ACUMITOTHIHOTO [TOBEAeHUE HA (PaMU/Ins ONTUMHU3AIMOHHN 338491 C U3CJIC/IBAHE
Ha TaKa HapedeHara ,lpaHuvHa 3aja4a’. [LerecTBeHO, Ta3u rpaHnvHa 3a/1a4a TPsiO-
Ba Jia 0OXBaHe OCHOBHOTO TMOBE/IeHNe Ha, MUHUMI3aTOpUTe (MJIM MAKCHMU3aTODHTE)
Ha dbaMuausgTa OT pasriaekjanu 3a1adu. OCBeH TOBa PEIICHUSITA Ha TPDAHUYHATA
3ajlaua TpsIOBa jia ce moJydaBaT mo-jaecHo. U obparHo, KaTo ce uMa MpeJIBU/L 3a-
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JaJIeHa ONTUMA3AINOHHA 3a/1a9a, YUATO PEITeHnAs ca TPYJHA 3a XapaKTepu3npaHe,
MOKe OU € TTOJIE3HO J1a Ce HAMepsIT 33/1a49d, allPOKCUMUPAIIH OPUTHHATHATA, THUTO
pellleHus ca Mo-JeCHU 3a paboTa.

B tasu cratus pasrie:kaaMe caeIHATA ONTHMU3AIMOHHA 3313494

(P) : Jla ce HAMEpSAT TOYKHUTE, B KouTo F'(r)mocTura MEHIMYM
" | upm ycsaosue, e x € D;.

KbjieTo u300pazkenuero F' e nesnesara dbyHKIMs Ha 3agadarta (P) u MHOKec-
TBOTO DD e 3aTBOpeHO moaAMHOXKecTBO Ha dom F. Pemapanero Ha Ta3m 3agada ce
ChCTOM B HAMHUDAHETO HA BCUYKHU BEKTOpH T B D, 3a KOWTO uma Bekrop §y € F(T)
TAaKbB, Y€ ¢ e TOYKa Ha jJocTurane Ha MuuMyM 3a F(D). B nureparypara MHO-
ro CTATWH, TOCBETEHN Ha W3CJIEIBAHETO HA CTAOMIHOCTTA HA MHHUMHU3ATOPHUTE BHB
BEKTOPHA ONTUMH3AIHU, (POKycHpaT BHUMAaHUETO KaKTo BbpXy llapero Munummsa-
TOPUTE, TAKa U BBPXY CJIa0HUTEe MHUHHUMU3ATOPH.

Ho, 3a 1a MmozkeMm J1a pabOTHM CbC CJ1a0M MUHUMU3ATOPH, TPAOBA KOHYC'HT Ha
Hapemdara C' 1a Obje TBbPJ, T.€. Ja UMa HEIpa3Ha BBTPENTHOCT; TOBA IIPEJII0I0-
JKeHHe M3TJIeXK A JTOHSIKbIe OTPAHNYIABAII0, Thil KATO MHOTO eCTECTBEHN KOHYCH Ha
Hapej6a B Oe3KpaifHOMEpHHU IMPOCTPAHCTBA HE U3II'bJAHABAT TOBA YCJIOBHE, JIOKATO
JIOPU IIpH KpallHH Ppa3MEpPHOCTH Ce CJAY4Ba Ja Ce MOJEJIUPA ¢ BEeKTOPHU OIITHMUI3a-
IMUOHHU 33Ja4d ¢ TIOMOIITa Ha HETBBLPJAN HAPEXKIAIIN KOHycH. B3eMmaiiku mpeaBuI
Ta3u CUTyallnsi, Hue u30paxme /1a Bb3IPUEeMeM DPA3JINYeH TOIXO0J, KATO Pa3rjerax-
Me JIpyTa KOHIENTHs 33 OTCIabeHn MUHUMHU3ATOPH, 4 HMEHHO OTHOCHTETHUTE MU-
HuMu3aTopu. OTHOCUTE/THUTEe MUHUMH3ATOPH ce jie(pUHUpAT I0I00HO Ha CjIabuTe
MHUHHMHU3ATOPH, C Ta3H Pa3/InKa, 9e BbTPEIHOCTTa Ha Konyca C' e 3aMeHeHa ¢ OT-
HOCHTEIHATA MY BBTPEIIHOCT, KOSTO € TO-MaJKO OTPaHMIABAIIA KOHIEIITNSI.

Pasryiexiame pejaunara or onruMusanuonau 3auadu (Pn)

p . | na cenavepar toukure, B KoutTo F,,(z)poctura MuHEMY M
(Pn) : upu ycjaoBue, e r € D,;.

KBJETO ce Ipejanoara, 9e 3a scakon € N, F, : X =Y, dom F, # 0 u D, e
HETIPa3HO, 3aTBOPEHO MOAMHOKeCTBO Ha dom F,.

B tasu crarug Hue BbBexKIaMe U 00CDhXKIaMe JIBeTe MJICH 3a CXOJIUMOCT Ha
3a/1a9nTe 33 ONTUMU3AIMS HA MHOKECTBA, KOUTO H3M0JI3BAME, 34 /13 YCTAHOBAM Ha-
IIATE PE3YJATATH, CBbP3AHH CbC CTAOMIHOCTTA Ha HPOIECca, a UMEHHO CXOJUMOCT,
nogo6ua Ha Painleve-Kuratowski (PKL-cxomumoct) 1 Gamma— cXOIuMOCT. 3a-
MoYBaMe ¢ M3CJIeBaHE HA CXOAMMOCTTA OTIOpe KAKTO HA OTHOCUTE/NHH, TAKa U Ha
CUJIHU MUHUMU3ATOPHU; I1I0-TOYHO IIOKa3BaMe, 4€ aKO peJulaTa OT OIITUMU3AIIMOHHA
3aja4dn ¢ Muorosuadnn uzobpaxxkenus (P,) PKL-kaonn xbm 3amadara (P), Torasa
BCdAKa KJIbCTEPpHa TOYKa Ha peJulla OT MOAXOJANIN allpOKCUMUPaAIlX OTHOCHUTE/JIHU
MUHUMHA3ATOPH (ChOTBETHO CHJIHA MUHUMHU3ATOPH ) Ha 3a7a4ara (F,) e OTHOCHTeIeH
MUHUMHI3ATOD (CHOTBETHO CHJIEH MUHUMH3ATOP) Ha 3amadara (P). Hue mokassame,
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de BCeKH OTHOcuTesNeH MuHuME3aTop Ha (P) moxke jga Obie ampoKCHMHDaH Ype3
pemia oT TTPUOJN3UTEHY MAHIMHI3ATOPH Ha 3ajgadnTe (P,), Korato peaurmara ot
samaan (P,) e Gamma—cxongama kbM 3a1adata (P).

[D. Kamburova and D.K. Nedelcheva: "Variational Principles for
supinf Problems with Constraints Geometry, Integrability and Quantiza-
tion, 2020, pp 163-169. DOI: 10.7546 /giq-21-2020-163-169] Bapuanuouuu-
T€ HPUHIHUIIN Ca I'Pylla PE3yJiTaTH, KOUTO OIIUCBAT AOCTATHBYHU YyCJIOBUA, IIPU KOUTO
CJIeJT CMYTIEHIe HA MOy HEPEeKhCHATA OTA0JTY (PYHKITHS, KOATO € OTPAHUYeHa OTI0-
JIy, OT (bYHKIIHS ¢ MTPOM3BOJHO MAJIKA HOPMa, TIOJIyYeHATa, ONTUMU3ANNOHHA 33,1298
uMa pelrerre. B tasu crarus e pasrienan ciaegHara "supinf'3amaga ¢ orpaHnueHns:

(P) sup inf f(z,y)

ze X,y€ Kz

Kbaero X u Y ca I'bJIHE TOIOJOrMYHE mpocTpaHcTBa, K : X = Y e MHO-
rozuadno uzobpaxkenne u f : X X Y — [—00,00] e pasmmpena QyHKIUs ¢ peasHa
CTOMHOCT.

[IpencraBeHn ca HAKOW TPEIBAPUTETHN DPE3YJTATH, CPEeJ KOUTO W PE3yJITaT
ny6ukysad B [Gaumont D., Kamburova D., Revalski J. P., Perturbations of Supinf
Problems with Constraints, Vietnam J. Math. 47 (2019) 659-667|, kato e pa3rie-
JIAH BapHAIlMOHEH IpUHIMI 3a 3ajadara (P). UscaeaBanusra ca nocerenn Ha Ha-
MHPaHETO Ha JOCTATBYHO YCJIO0BUA KOUTO OCUTYPABAT BaJIUAHOCT Ha IIpEeJCTaBEeHUTE
pesysaTaTu B ciaydail Ha 3amadara Ha Stackelberg.

I'pyna [B] TeopeMu 3a HEMOABUXKHUTE TOYKU U MPUJIOKEHUS

TeopusTa Ha HEIOIBHKHHTE TOUYKH € 0OEKT Ha aKTUBHU M3CACIBAHUS C IIMH-
POK CIIEKTbD OT HPHJIOXKEHUs B pasjum4duu obsactu. BriiouBa pesyiarard, KOMTO
TBBPAAT, Y€ IPHU ONPeJIeIeHN YCAOBUS €THO3HATHOTO n3o0pazxkenue f, nepuHUpaHO
BBHPXY MHO2KECTBOTO X Ma €JHa WJIN IMMoBeYe HEIMOABHU2KHU TOYKH, T.€. CbIIECTBYBa
touka x € X Ttakasa, 9e f(x) = z. [Ipe3 1922 r. nonckust maremaruk Credan Ba-
Hax GOPMYJIHpa U J0KA3Ba TEOpeMa, KOATO ¢e OTHACS 0 ChIIeCTBYBAHETO U €IMHC-
TBE€HOCTTa Ha HEIIOABHU3HA TOYKa B II'bJIHO METPUYHO IIPOCTPAHCTBO . PeSyﬂTaT”bT MYy
e u3Becten moja umero "Teopema 3a Hemomsm:kuarta Touka Ha banax'"wmm "llpun-
mun Ha Banax 3a cBuBamoTo n3obpazkenue'. M3nmonssaiikn TepmuHa Xaycaopdona
MeTpuka, mnpe3 1969 r., Hajnep BbBexk/1a HOHATHETO MHOINO3HAYHO CBUBAIIO U300-
pazkeHne W JO0Ka3Ba MHOTO3HAYHATA BepCHd Ha IPUHIHUIA HAa BaHax 3a CBHBAIIOTO
nzobpazkenune. OT ToraBa MHOIO MAaTEeMaTHIIH PAOOTAT HEYMOPHO B Ta3u 00JIaCT,
TaKa ce MOsIBABAT W peauna 0000IeHns HA npuHnumna #Ha Hajiep 3a cBUBAMOTO
n3o0pakeHue.

13



ITy6aukamuu or rpyna [B]

1. . HenenuesBa, P. Mapunos: "Teopus Ha HENOABU>KHUTE TOUYKU MO-
Horpadusi, YHuUBepcuTeTcko m3aarejctso npu TY - Bapnra, ISBN
978-954-20-0818-7

2. D. K. Nedelcheva: " Altering Points in Partial Metric Space Geometry,
Integrability and Quantization, 2020, pp 221-231. DOI: 10.7546 /gia-
21-2020-221-231

3. M. Hristov , A. Ilchev , D. Nedelcheva B. Zlatanov: "Existence
of Coupled Best Proximity Points of p-Cyclic Contractions Axioms
2021, 10(1), 39; doi.org/10.3390/axioms10010039

4. G. Gecheva, D. Nedelcheva, M. Ruseva and B. Zlatanov: " Applicati-
ons of Coupled Fixed Points for Multivalued Maps in the Equilibrium
in Duopoly Markets and in Aquatic Ecosystems Axioms 2021, 10(2),
44; doi.org/10.3390/axioms10020044

5. . HenenuyeBa: "MeTonu 3a peliaBane Ha 0O0O0OIeHU ypaBHEHUs-
KHUTa, Y HUBEpcUTeTcKo m3aaresicteo nmpu TV - Bapua, ISBN 978-
954-20-0819-4

[d. Henesuea, P. Mapuunos: "Teopusi Ha HENOABUXKHUTE TOYKU MO-
Horpadus, YHuBepcurercko usmareactso upu 1TV - Bapua, ISBN 978-
954-20-0818-7]. Lleara na Tasu monorpadusi e ja IpeJoCTaBl aKTyaJeH HPerye,|
HA 33/1a9NTe CBbP3aHU C TEOPHUITA HA HEMOABUKHUTE TOUKH, /14 TPEJICTaBH JT0KA3a-
TEJICTBA HA HAKOW HOBU TEOPEMU 33 JIBOWHO CBWBAIIN MHOTO3HATHU M300pAYKEHUSI,
KaKTO U HIKOM Pe3yJITATH 34 €JIHO3HAYHU u300pazkenud. [1aBuTe ca mocBereHu Ha
ChbBPEMEHHHUTE M3CJICIBAHUS U PA3BUTHE HA TEOPHUsTA 3a HEIOIBHKHUTE TOUKU. Ta-
31 MOHOTpadUs CbAbpKa TPEIUMHO OPUTHHAIHU U3CJIe/IBAHNs Ha aBTopuTe. Moxke
J1a O6bjte 0T 0cODEeH MHTEPEC 3a MUPOK KPbhl' MATEMATHUIIH, YHSITO 00JIACT HA U3CJIe -
BAHUs € TEOPHSITA Ha HEIOIBUKHUTE TOUYKH.

Mownorpacdusra ce cbecrou ot Tpu riaasu. [JtaBa 1, HemonBuKHM TOYKKH B MeT-
PHYHH IIPOCTPAHCTBA® JIaBa HCTOpUYIECKA HHMOPMaIUs 38 OCHOBHUTE 3aJIa49H, IPe]I-
craBeHu B MoHorpadusra. CbIo Taka HIpeIcTaBsl HIKOW OCHOBHH OIIpejeIeHus 1
J100pe m3BecTHu pesysararu. [logapobHuTe J0Ka3aTejcTBA HaA TeopeMara 3a Helojl-
BIZKHATA TOYKA HA Banax u Teopemara 3a HENOABUKHUTE TOYKHN Ha /lonues - Xarbp
ca u3aoxkeHu B MoHorpadusrta. JonueB n Xarbp pasriexar 0600IeH:n MeToIu 33,
CXOJIMMOCT B METPUYHO IPOCTPAHCTBO U M3y4YaBaT C'HIIECTBYBAHETO HA PEIIeHHE HA
0000IIeHN YPaBHEHHS C TOMOIIL Ha TEOPEMUTE 33, HEIOABHKHATA TOUYKA B METPUIHA
HPOCTPAHCTBA.

B I'nasa 2 ,,HenogBuzkHu TOYKN B KOHYCHH METPUYHU POCTPAHCTBA” Ca BbBe-
JIEHU HSIKOW OTIPejIeJIeHNsT U OCHOBHU PE3yJITaTH B KOHYCHU METPUIHUTE TPOCTPAHC-

14



TBa. B Ta3u rjasa ce JOKa3Ba C'HIIECTBYBAHETO U €IUHCTBEHOCTTA HA HEMOIBUZKHU-
Te TOYKH 33 KOMITO3UIUS OT JIBE MHOTO3HAYHU M300ParKeHus B KOHYCHU METPUYHH
npoctpaHcTBa. [lo-TouHO, HEe pasriekgaMe TeopeMaTa 3a HeMOABUKHUATE TOYKH 34
Qv — Y)— CBUBAIIU MHOTO3HAYHH U300PaKeHWsI B KOHYCHH METPUYHU TPOCTPAHCTBA,
nokazana or Kutbi u Situnavarat n joka3same pa3mimpsiBaHe HA TEXHHUS Pe3yJiTa-
Ta 33 KOMIIO3UIMS OT JBE CBUBAIIM MHOTO3HAYHHU M300ParKeHUs, KATO M3IOJJ3BaMe
HOHATHETO (v — (3 — 1) — e— CBUBAIIM MHOTO3HAYHE M300parkenus. Jlokazpame enH-
CTBEHOCTTA Ha HENOJBUXKHATA TOYKA B €HO3HAYHUS CIydail, MIPU JOMbJIHUTETHO
npegnooxkenne. Helo moseve, Hue n3ydaBaMe ChIIECTBYBAHETO W MeCTOIMOJIOMKE-
HUeTO Ha ABOKa Henoasmkum Touku (coupled fixed points) u 06mu HenoBuzKHU
roukn (common fixed points) 3a nocodenus: B MHOTO3HAYHI H306DarKeHHS.

B rnasa 3 ,,HenojBukuu TOYKHM B YaCTUYHU METPUYHU ITPOCTPAHCTBA." ca J10-
Ka3aHU TeOpeMHU 3a HEeNOJBHZKHHUTE TOYKa, KOUTO OOODIABAT M JOMbIBAT HAKOU
Beue W3BEeCTHU pe3yaTarH. /Jokazsame chIlecTBYBaHETO Ha OOIIA HEMOIBUKHA TOU-
Ka 3a JIBe MHOTO3HAYHY W300DAYKEHUS B IMBJHA YaCTUIHN METPUIHU TPOCTPAHCTBA.
Hero nmosede, Hue ndy4yaBame CbIECTBYBAHETO U MECTOIOIOKEHUETO HA, JIBOMKN He-
MOJIBUZKHU TOYKH 33 KOMITO3HUITUS OT JBE MCEBJIOCBUBAIIM MHOTO3HAYHH M300pazke-
HUs B YACTUYHHU METPUYHU IPOCTpaHCTBa ¢ momMornra Ha Bianchini-Grundolfi ¢pyn-
Kiuu. J{oka3zBaMe C'hIECTBYBAHETO HA PellleHne Ha 000DIIeHaTa 337a4a 3a JIBOUKU
HETIOJIBUZKHHA TOYKHU B YACTUYHU METPUYHU MPOCTPAHCTBA.

[D. K. Nedelcheva: "Altering Points in Partial Metric Space Geomet-
ry, Integrability and Quantization, 2020, pp 221-231. DOI: 10.7546 /giq-
21-2020-221-231]. YacTuuaure METPHYHH HIPOCTPAHCTBA, BbBeneHn npe3 1992 r.,
ca 0000Ienne Ha MOHATHETO METPHYHO ITPOCTPAHCTBO, KATO B TAKMBA MIPOCTPAHC-
TBa Pa3CTOAHMETO OT €/IHA TOYKA JIO C'hbIAaTa Ta3W TOYKA HE € HeNPEeMEHHO HyJIa.
[To-KBCHO MHOTO yUeHU ca PabOTHIN BbPXY TEOPEMU 33 HEMOJABUKHI TOYKHI 38 MHO-
rO3HAYHU W300parKeH!s B YACTUIHU MeTPHUYHH TPOCTPAHCTBa. B Ta3m cratud e e
pasriie/lana KOMIIO3UIU OT JIBE€ MHOIO3HAYHH M300PaKeHns B 4aCTHYHA METPUYHI
IPOCTPAHCTBA.

Heka (X,p) u (Y,0) ca nBe gacTuaHm MeTpUIHM mpocTpaHcTBa. Heka F' :
X =Y udG:Y = X ca apa MHOro3HadHHu oleparopa. B 3agadara ce ThpedT
toukn (z*,y*) € X x Y Takusa, Je:

{ a* € GyY)
y* e F(z*).

Toraga, (z*, y*) ce napnua "altering point"3a F'u G. B Ta3u crarus e 1oka3aHo
cbirecTByBaneTo Ha "altering point"sa aBe MHOTrO3HaYHE HU300PaKEHHS B II'bJIHO
JACTUIHO METPHIHO MPOCTPAHCTBO.

[M. Hristov , A. Ilchev , D. Nedelcheva B. Zlatanov: "Existence of
Coupled Best Proximity Points of p-Cyclic Contractions Axioms 2021,
10(1), 39; doi.org/10.3390/axioms10010039]. Oxa3ssa ce, 4e 1upe3 mocJjieHATE
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roauHu, UMa r'oJidM HHTepeC K'bM ,ZLBOﬁKI/ITe HEIIOABU2KHUN TOYKH, KaKTO K'bM beH,ZLa—
MEHTAJIHUTE PEe3yJITaTn CBbHP3aHu C TO3W BU TOYKHU, TaKa U K'bM TEXHUTE ITPUJIOZKE-
Hust. B crarusra ob6obmasamMe jebuHUITIATA 32 JTBOWKH HEMOJABUKHI TOYKH (TOUKH
Ha Hail - 106po TpUOINKEHNE) 33 MUKJINIHO HOAPEJIeHH IBOHKA U300paskeHust 10
P - UMKJIUYHO HAPEJIEHU JIBOUKH U300paZKeHUs.

[Tonsarue, koero 0600IABA PE3Y/ITATUTE 33 HEMOJABUKHU TOUKHU 33 U300pazke-
Hust ot Bugma 1': A — B, T : B — A., e ToBa 3a nukjnaaute n3obpazxkenns. [lons-
KOra KJaCHYecKOTO ypaBHeHume r = T'xr MoxKe Ja HAMa pelleHre U [0 TO3UM HAYUH
TEOpEeMHUTE 32 HEIOJABUKHU TOYKH He MOraT ja ObJaaT npuiaoxkenu. MoxkeMm na mpe-
obpazyBame 3ajiadara © = 1T B ONTUMU3ANMOHHA 3aja4a or Bujga min{ |z — Tx||}.
Bede e uzBecTHO, Ue r ce Hapwda TOYKa Ha Hail - 100po mpubanxkenne 3a T B A,
ako ||z — Tx| = dist(A, B) = inf{|la — b|| : a € A,b € B}. Unesra 3a Touku Ha
Hail - 106po mpubamKeHne BCHITHOCT 0000IIaBa IpejacTaBaTa 3a MUKJIMIHA H300-
pazkennd, karo ako AN B # (), To Begka Touka Ha Hail - J0OpO NPUOIUKEHHE e
U HemoJBUzKHa TouKa. O000IIaBaMe Bede ChINECTBYBAIIN TEXHUKH, 32 Ja MOJIYIUM
pe3yjTaTu 3a CbIIECTBYBaHETO W €JMHCTBEHOCTTA HA ,ZLBOI'?'IKI/I HECIIOABHU?KHH TOYKHN
(Toukm Ha Haii - 706PO TPUOINKEHNE) 3a P-IIUKINIHE H300pazKkenns. [lo-ToanHO, OT-
KpUBaMe JJOCTATbIHU YCJIOBHUS 34 C'hINECTBYBaHE U €JIMHCTBEHOCT HA TAKUBA TOYKH.
Oka3sBa ce, 4e TOUKUTE Ha Hail - 100pO NpHOIMKEHHE ca MHTEPECHH He CaMO KaTo
YHUCTO MATEeMATUIECKH PE3YJITAaTH, HO B KATO BB3MOXKHOCT 3a HOB IOJXOJ B pelra-
BaHe Ha Pa3/JIMYHU BUAOBE 3a/J1a41. CHOMeHaBaMe HOB BUJ IIPUJIO2KCHUA B T€OpUATaA
3a PaBHOBECHETO Ha JAyOmno/HuTe naszapu. ViocrpupamMe pe3yaTaTuTe ¢ TpUMep,
KONTO 00XBalla MUPOK KJIAC N300PaKEHUSI.

[G. Gecheva, D. Nedelcheva, M. Ruseva and B. Zlatanov: "Applica-
tions of Coupled Fixed Points for Multivalued Maps in the Equilibrium
in Duopoly Markets and in Aquatic Ecosystems Axioms 2021, 10(2), 44;
doi.org/10.3390/axioms10020044].

B kpas na XX Bek lonues m Xarep yCLEHIHO IPEJACTABAT Pa3lIupPEHUe Ha
pe3yJsrarta 3a HernoJBU:KHHTe Touka Ha Hasnep 3a muorosnaunu mzobpazkenusi. Te
OTIPEIeISIT MECTOIOJIOKEHNETO Ha HEMOABHYKHA TOYKA 1O OTHOIMEHHE Ha HavaTHA
CTOMHOCT Ha MHOTO3HAYHOTO M300pazkeHue. 3aKII0UCHHETO UM € HOJIYIeHO IIPU Ha-
JIO?KEHH JIBe MOAUMDUIIUPAHU YCJIOBHS U € H3UTPAJIO BayKHA POJisd B PA3BUTHETO Ha
MeTpUYHATA TEOPHUsi Ha HEIOBUKHHUTE TOYKHU. EjiuH Buj 0060011eHne HA TO3H pe-
3yJITaT € 0003HAYeHHe C U3I0JI3BAHeTO Ha JIBOMKM HEITOJABHKHHU TOYKU. B crarusara
ImoJiydaBaMe HOB KJlaC ITOApeaceHn ,ZLBOfIKI/I MHOT'O3HAQYHHN KapTH, KOUTO UMAT ZLBOI?‘IKI/I
CBbpP3aHU HEIOJBUKHUA TOYKH.

ITo-Touno, pasriaexgame ape MHOro3HauHHU m3o0pakenus I} : X XY = X u
Fy: X XY =Y, kbaero (X, p) u (Y, 0) ca baHE METpUYIHE TpOCcTpaHcTBa. Jlokas-
BaMe CbIIECTBYBAHETO Ha TOHE e/[HA HapejeHa JBoiika (x,y), Taka e x € Fy(z,y)
uy € Fy(x,y), koeto ce Hapuda 0600IIeHa 3a/a4a 3a [BONKH HEMOJBUKHI TOY-
KH 33 MHOrO3HauHHUTe u30bpazkenus (Fy, Fy). VlarocTpupame OCHOBHUSI Pe3yJITaT ¢
JIBa IIpUMepa, KOUTO 00XBaIla MHOXKECTBO Pa3JudHu Moaeu. [Ipunarame ocHOBHUS
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pe3y/ITaT B MOJEIUTE Ha JYOLOJHUTE ITa3apH, 3a Ja MOCTUI'HEM CbIIECTBYBaHEe Ha
Na3apHO paBHOBECHE, KAKTO U B BOJHHUTE €KOCHCTEMU, K'bJIETO CHINO Ce MOJydaBa
paBHOBECHE.

[d. Henenuena: "Meronu 3a pemaBaHe Ha 00ODIIEHN ypaBHEHUs-
KHUTa, Y HuUBepcuTeTcKo m3aaresctBo npu TY - Bapna, ISBN 978-954-
20-0819-4]. Teopusita Ha HEMOJABUKHATE TOUKH KMA MHOXKECTBO TPAKTHIECKH TIPH-
Jgoxkenus. TS ce U3m0a3Ba IPU perraBaHeTO Ha ODOOINEHU ypaBHEHUS, CHCTEMH OT
HeJIMHEHN BapUALMOHHU HEPABEHCTBA, CUCTEMH HepapXW4YHU BapUallMOHHU Hepa-
BEHCTBa, B T€OpULATa Ha UTPUTE U T.H.

B Tasu knura e jgokasana JIOKaJHATa CXOJAMMOCT HAa TPH METOJA 3a pellaBa-
He Ha 00001enn ypapHenus. O000IIeHUTe YpaBHEHHS, CJIVKEIIN KaTO abCTpaKTeH
MOJIeJI 38 pelllaBaHe Ha MHOIO BaPHALMOHHU 33/a49d, KaTO 3aJa4d Ha JIMHEHHOTO
1 HeJIMHEeilHO ONTUMHpPaHe, CHCTeMHU OT HeJMHEeHHHU ypaBHEHUHA, HEOOXOIUMH yCJI0-
BHS OT II'bPBU D€/l Ha HEJMHEHHO ONTUMHUpaHe u Jip. Te ce M3MO/A3BAT MIMPOKO U B
UHKEHEPHUTE HAYKU ¥ MKOHOMHUKATA.

B rnaBa 1 ,OcHoBHE jJebUHAIMA U Pe3yITaTH JaBaMe UCTOpUUYecKa HHMOP-
MaIlis 33 OCHOBHUTE 3aJa4H, IpeAcTaBeHH B KHHUraTa. ChINO TaKa ca U3I0KEHN
HSIKOW OCHOBHH OIIPeJIe/IeHIsI B T00pe MO3HATH Pe3y/ITaTH.

B rmapa 2 "Meron or HioToHOB THII, BKIIOYBAI TOYKOBA AIPOKCAMAIN" ce
JIOKa3Ba JIOKAJIHATA CXOJUMOCT Ha METO/1a

0 € Alp, Tk, Thy1) + F(Tp11),
C TeJT JIa ce HaMEepHU PeIeHneTo Ha 0000IEeHOTO YpaBHEHHE:
Ja ce namepn 1z € X taka e 0 € f(p,x)+ F(z).

JlokazaHo e, ¥e TO3M METOJ[ € CXOJSII KbM CTONHOCTTA S$(p) Ha JUIIMTHIOBATA JTOKA-
JIM3allsl Ha M300parkeHneTo Ha PeIIeHHeTo, aKo n300parkKeHneTo

f®,2) + Vo f (0, 2)(- —2) + F()

e CTPOro0 METPUIHO PeryssapHo B T 3a 0 ¢ eIHO3HAYTHA JIUIIITUIOBA JTOKAJIU3AIUS O
okos10 0 3a T Ha 0OPATHOTO H30OpaKEHUE

[f(0.2) + Vo f(p,2)(- —2) + F(-)] 7,

f e nmummunoBa GYHKIHS CIPIMO p paBHOMEpHO 1o z, ¢pyuKmuara A : P x X X
X =Y e (n,a) - noroukosa anpokcuMaryst 3a f u V[ e JUNIIHIOBA CIPIMO X
PABHOMEPHO 10 P.

B rnaBa 3 "Meroa Ha XopauTe 3a pellaBaHe HA IMapaMeTPUIHH 0O0OIIEHH
ypaBHeHHs " n3ydaBaMe JOKATHATA CXOAMMOCT HA METOa Ha XODINTE 3a pellaBaHe
HA HEIVIQJIKU O0OOOIICHN YpaBHEHHS OT BHIA:

Ha ce mamepn x € X rmaka we y € f(z)+ F(z),
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kbjero [ e ¢gyukus, F' e MHOrO3HAYHO M300parkenne, nepHHIPAHO BbPXY OaHa-
XOBO TIPOCTPAHCTBO X ChC CTOWHOCTH B JIMHEHHO HOPMHUPAHO MPOCTPACTBO Y.
Jlokazamna e CXOJMMOCT Ha MeTOJIa

y € f(og) + A(psr — zx) + F(p41),

IpU yCJIOBHE, Y€ MHOMO3HAYHOTO M300pazKeHue

[f(@) + Vf@)( =)+ FO)

e Ob6en-wenpekbcaato B (0,2%) ¢ koncranta M, [ : X — Y e dynknus, dusato
npousBogHa 1m0 Pperre e L—aunmmunosa u omeparopa A € L(X,Y) e takbs, ve
2M ||V f(z*) — A|| < 1. Heka yrounum, e korato A = V f(zg) n y = 0 7031 MeTO[
ce pejaynmpa Jio Jobpe mosHarusT Mogauduiupan Meros Ha HioTon

0 € f(zx) + V(o) (@rt1 — k) + F(Tp41).

OCHOBHOTO HPEJIMMCTBO Ha JAOKA3AHUAT MeToja € (PaKT'bI, 4e IIPHU HPHIATAHETO
My HsMa HYZKIa Ja Ce M3YHCIABa NPOu3BoAHATA Ha (DYHKIHATA f, KOETO B HIKON
Coydad MOKe Ja € CBbP3aHO C J0CTa U3UHC/ICHUS.

B I'maBa 4 "Merton Ha cekymmuTe' pasriexame o600IeHH YpaBHEeHNs OT BHIA

0¢ f(p,x)+g(p,x) + F(x). (3)

Pasriexkmame merona

0€ f(p,xr) + 9, xi) + (Vo f (0, 21) + [P, i1, T 9]) (X1 — 1) + Fap41), (4)

kbjaero f 1 P x X — Y e audepennupyemMa B OKOJTHOCT Ha perieHneTo (P, T) Ha
obobmenoro ypasaenue. Oyukiusara g : Px X — Y e audepennupyema B (P, ), HO
MoOzKe J1a He e gudepeHnupyemMa B oKoIHOCT Ha (P, 7). [lokaszBame, ge To3u MeTo €
CXOJISI, K'bM CTOMHOCTTTA S(p) HA JIMIILIMIOBATA JIOKAJIU3AIUs HA U300PAZKEHUETO
HA PEIeHNeTO, aKO M300ParKeHNeTo

f@, %)+ g(p.x) + V. f(p.7)(x — T) + F(x)

€ CHJIHO MeTPHYHO PEryasipHo B T 3a 0, K'bJIeTO ([3, ic) € pelleHre Ha pas3ryezk1aH0To
0000ITIeHO ypaBHEHNE € €HO3HAYHA JIMIIIHUIOBA JoKaau3amnus o okojao ) 3a T Ha
obparHOTO M300paKeHHe

f(.2) + 9P, x) + Vo f(p,T)(x — &) + F(x)] .

[Tpu To3u MmeTox f u g ca ummunoBu (BYHKIUHA CIIPSIMO JTBETE TPOMEHTUBU B OKOJI-
HOCT Ha TodYkaTa (p,T), mpousBogHaTa 1o dperre V,f e JUNMUANOBA COPIMO T
paBHOMepHO 110 p, 4 lip(0o; 0).1/1550(9; (p,T)) < 1. 3a paszeneHara pasjnuKa OT BTOPH
peJl mpenoaramMe, ge € B CHIa CaeaHoTo yeaosue ||[p,z,y, z; gl|| < K, K € R.
M3noassame MeTona Ha CeKyIuTe 1 JepuHupamMe HesBHO H300pazkKenne, BKJIIOY-

BalllO peauIin OT UTepalun, KaTO €JIEMeHTH Ha IMPOCTPaHCTBO OT PEAWITH. HO TO3U
HAYMH J0Ka3BaMe TeopeMa 3a HegpHaTa (GpyHKnug. Takupa TeopeMu 0OMKHOBEHO €€
U3I0J3BAT B PA3IMIHA 00JACTH HA MATEMATHKATA, BKIIOUUTEIHO YaCTHU AudepeH-
MAIHA YPABHEHUA, HETJIAIbK AHAIN3 ¥ YUCICH AHAINS.
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