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Group [A] Set optimization
In the last few years there has been a growing interest in set optimization.

One of the reasons why this theory experienced such a tremendous growth is
probably because it turned out that many problems arising from a variety of �elds
such as medical engineering, �nance or economics lead to optimization problems
which are genuinely set-valued. Set optimization may also naturally arise from
problems in academic disciplines that are not closely related to mathematics, such
as social sciences. For instance, in social choice theory, individual preferences over
alternatives are described through models involving binary relations called preferences
relations.

Papers group [A]

1. M.H. Geo�roy, Y. Marcelin, D.K. Nedelcheva: Convergence of relaxed
minimizers in set optimization, Optimization Letters 2017, 11(8):1677-
1690. DOI: 10.1007/s11590-016-1079-4 ( IF 1.013 ) Q2

2. M. Gaydu, M.H. Geo�roy, C. Jean-Alexis, D.K. Nedelcheva: Stability
of minimizers of set optimization problems, Positivity 2017, 21(1):127-
141. DOI: 10.1007/s11117-016-0412-6 ( IF 0.92 ) Q2

3. D. Kamburova and D.Ê. Nedelcheva: "Variational Principles for
supinf Problems with Constraints Geometry, Integrability and Quanti-
zation, 2020, pp 163-169. DOI: 10.7546/giq-21-2020-163-169

[M.H. Geo�roy, Y. Marcelin, D.K. Nedelcheva: Convergence of rela-
xed minimizers in set optimization, Optimization Letters 2017, 11(8):1677-
1690. DOI: 10.1007/s11590-016-1079-4 ( IF 1.013 ) Q2].In this paper we
investigate, in a uni�ed way, the stability of several relaxed minimizers of set
optimization problems. We introduce a topology on vector ordered spaces from
which we derive a concept of convergence that allows us to study both the upper
and the lower stability of the sets of relaxed minimizers we consider.

Throughout, X is a general Banach space while Y is a Banach space ordered
by a nonempty, closed, convex and pointed cone C ⊂ Y through a binary relation
≤ de�ned by y1 ≤ y2 if and only if y2 − y1 ∈ C.

We consider a set-valued mapping F, acting from X to the subsets of Y,
indicated by F : X ⇒ Y the domain of which, denoted by domF, is nonempty.
We recall that domF = {x ∈ X|F (x) 6= ∅} while the notation gphF stands for
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the graph of F, i.e., the set of those pairs (x, y) ∈ X × Y such that y ∈ F (x). We
consider the following set optimization problem:

(P) :

{
minimize F (x)
subject to x ∈ D; .

where the mapping F is the objective function of the problem (P) and the
so-called feasible set D is a closed subset of domF. Solving this problem consists
of �nding all vectors x̄ ∈ D for which there is a vector ȳ ∈ F (x̄) such that ȳ is
a minimal point of F (D). Such a pair (x̄, ȳ) ∈ gphF ∩ (D × Y ) is then called
a minimizer of the problem (P). In this paper, our purpose is to investigate the
asymptotic behavior of sequences of minimization problems. More precisely, given
a sequence of optimization problems (Pn), the data of which converge in some sense
to the data of the set optimization problem (P), we study the convergence of the set
of minimizers of (Pn) to the set of minimizers of (P). We work with a wide class of
relaxed minimizers, called ñ−minimizers, and study their stability in general Banach
spaces. The class of minimizers we consider together with the fact that we work in
in�nite-dimensional spaces allows us to extend many results established for scalar
and vector optimization.

[M. Gaydu, M.H. Geo�roy, C. Jean-Alexis, D.K. Nedelcheva: Stabili-
ty of minimizers of set optimization problems, Positivity 2017, 21(1):127-
141. DOI: 10.1007/s11117-016-0412-6 ( IF 0.92 ) Q2]. We study the asympto-
tic behavior of sequences of minimization problems in set optimization. More precisely,
considering a sequence of set optimization problems (Pn) converging in some sense
to a set optimization problem (P ), we investigate the upper and lower convergences
of the sets of minimizers of the problems (Pn) to the set of minimizers of the
problem (P ).

The description of asymptotic behavior of families of minimization (or maximi-
zation) problems is a popular topic in optimization. It �nds its motivation in many
mathematical problems, may they come from industrial applications, economic
modeling or, of course, abstract mathematical questions. In several situations it
is convenient to substitute the study of the asymptotic behavior of a family of
optimization problems with the study of a so-called �limit problem�. Naturally, this
limit problem must capture the main behavior of the minimizers (or the maximizers)
of the family of problems being dealt with and its solutions need to be more easily
obtained. Conversely, given a set optimization problem for which the solutions are
di�cult to characterize it maybe helpful to �nd approximate problems of the original
one, the solutions of which are easier to handle.

In this work, we consider the following set optimization problem:

(P) :

{
minimize F (x)
subject to x ∈ D; .
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where the mapping F is the objective function of the problem (P) and the set
D is a closed subset of domF called the feasible set. Solving this problem consists
of �nding all vectors x̄ in the feasible set D for which there is a vector ȳ ∈ F (x̄)
such that ȳ is a minimal point of F (D). In literature, many papers dealing with
the stability of minimizers in vector optimization focus on both Pareto and weak
minimizers. Nevertheless, to be able to work with weak minimizers we need the
ordering cone C to be solid, i.e., to have a nonempty interior; this assumption seems
somewhat restrictive since many natural ordering cones in the in�nite dimensional
setting do not ful�ll this condition while, even in �nite dimensions, several vector
optimization problems happen to be modeled using nonsolid ordering cones. Taking
this situation into consideration, we chose to take a di�erent approach by considering
another concept of relaxed minimizers, namely,the relative minimizers. Relative
minimizers are de�ned similarly to weak minimizers except that the interior of the
cone C is replaced with its relative interior, a less restrictive concept.

We consider the following sequence of set optimization problems (Pn) given
by

(Pn) :

{
minimize Fn(x)
subject to x ∈ Dn; .

where we assume that, for all n ∈ N, Fn : X ⇒ Y , domFn 6= ∅ and
Dn is a nonempty and closed subset of domFn. In this paper we introduce and
discuss the two notions of convergence of set- optimization problems we will use
to establish our stability results, namely, the Painleve-Kuratowski-like convergence
(PKL-convergence for short) and the Γ−convergence. We begin by investigating the
upper convergence of both relative and strong minimizers; more precisely, we show
that if a sequence of set -optimization problems (Pn) PKL-converges to the problem
(P)then any cluster point of a sequence of suitable approximate relative minimizers
(respectively, approximate strong minimizers) of the problems (Pn) is a relative
minimizer (respectively, a strong minimizer) of the problem (P). Afterwards, we
study the lower stability of minimizers of the problem (P). We show that any relative
minimizer of (P) can be approximated by a sequence of approximate minimizers of
the problems (Pn) whenever the sequence of problems (Pn) Γ − converges to the
problem (P).

[D. Kamburova and D.Ê. Nedelcheva: "Variational Principles for
supinf Problems with Constraints Geometry, Integrability and Quanti-
zation, 2020, pp 163-169. DOI: 10.7546/giq-21-2020-163-169] Variational
principles are a group of results that concern su�cient conditions under which
after a perturbation of a lower semicontinuous function, bounded from below, by a
function with an arbitrary small norm, the perturbed minimization problem has a
solution. In this paper the following supinf problem with constraints is considered:
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(P ) sup inf
x ∈ X, y ∈ Kx

f(x, y)

where X and Y are completely regular topological spaces, K : X ⇒ Y is a
set- valued mapping and f : X×Y → [−∞,∞] is an extended real-valued function.

First some preliminaries are presented followed by a recent result [Gaumont
D., Kamburova D., Revalski J. P., Perturbations of Supinf Problems with Constraints,
Vietnam J. Math. 47 (2019) 659�667] which considers a variational principle for
the problem (P). The last section is devoted to Stackelberg problem and �nding
su�cient conditions that ensure validity of the presented results in case of Stackelberg
problem.

Group [B] Fixed point theorems and applications
Fixed point theory is an object of active research with a wide range of applicati-

ons in various �elds. It includes results which state that under certain conditions
a self map f on a set X admits one or more �xed points, i.e., there exists a point
x ∈ X such that f(x) = x. In 1922, a theorem which concerns the existence
and uniqueness of a �xed point in a complete metric space was formulated and
proved by the Polish mathematician Stefan Banach. His result is known under the
name of Banach's �xed point theorem or the Banach contraction principle. Using
the term Hausdor� metric, in 1969, Nadler introduced the notion of set-valued
contractions and proved a set-valued version of the Banach contraction principle.
Since then many mathematicians have worked tirelessly in this area and a number
of generalizations of Nadler's contraction principle have appeared.

Papers group [B]

1. D. Nedelcheva, R. Marinov: "Fixed point theory monograph, Univer-
sity Publishing House at the Technical University - Varna, ISBN
978-954-20-0818-7

2. D. K. Nedelcheva: "Altering Points in Partial Metric Space Geometry,
Integrability and Quantization, 2020, pp 221-231. DOI: 10.7546/giq-
21-2020-221-231

3. M. Hristov , A. Ilchev , D. Nedelcheva B. Zlatanov: "Existence
of Coupled Best Proximity Points of p-Cyclic Contractions Axioms
2021, 10(1), 39; doi.org/10.3390/axioms10010039

4. G. Gecheva, D. Nedelcheva, M. Ruseva and B. Zlatanov: "Applications
of Coupled Fixed Points for Multivalued Maps in the Equilibrium in
Duopoly Markets and in Aquatic Ecosystems Axioms 2021, 10(2),
44; doi.org/10.3390/axioms10020044
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5. D. Nedelcheva: "Methods for solving generalized equations book,
University Publishing House at the Technical University - Varna,
ISBN 978-954-20-0819-4

[D. Nedelcheva, R. Marinov: "Fixed point theory monograph, Univer-
sity Publishing House at the Technical University - Varna, ISBN 978-954-
20-0818-7]. The aim of this monograph is to provide an up-to-date overview of the
problems concerning �xed point theory, prove some double �xed point theorems for
contraction set - valued operators, and some single-valued results. The chapters are
devoted to the contemporary research and development of the �xed point theory.
This monograph contains mainly original research by the authors. It may be of
particular interest for a wide range of mathematicians whose area of expertise is
the �xed point theory.

The monograph consists of three chapters. Chapter 1 �Fixed points in metric
spaces� gives some historical background of the main problems presented in the
monograph. It also gives some basic de�nitions and well known results. The detailed
proofs of the Banach Fixed point theorem and Dontchev - Hagger's Fixed point
theorem can be found here, too. It discusses the general convergence methods in
the setting of a metric space and studies the existence of a solution of generalized
equations with the help of the �xed point theorems in metric spaces.

Chapter 2 �Fixed points in cone metric spaces� gives some basic de�nitions and
well known results in cone metric spaces. This chapter discusses the existence and
the uniqueness of the �xed points for a composition of two set - valued mappings in
cone metric spaces. More precisely, we consider the �xed point theorem for α−ψ−
contraction set - valued mappings in cone metric spaces, proved by Kutbi and
Situnavarat and prove an extension of their result for a composition of two set
- valued mappings, using α − β − ψ − e− contraction set - valued mappings. We
prove the uniqueness of the �xed point in the single valued case under an additional
assumption, too. Moreover, we study the existence and the location of coupled �xed
points and common �xed points for these types of mappings.

In Chapter 3 �Fixed points in partial metric spaces� we establish several �xed
point theorems, which generalize and complement some already known results. We
prove the existence of an altering point for two set - valued mappings in complete
partial metric spaces. Moreover, we study the existence and the location of coupled
�xed points for a composition of two pseudo-contractive-type set-valued mappings
in the setting of partial metric spaces by using Bianchini-Grundol� gauge functions.
We prove the existence of a solution of the generalized coupled �xed point problem
in partial metric spaces.

[D. K. Nedelcheva: "Altering Points in Partial Metric Space Geomet-
ry, Integrability and Quantization, 2020, pp 221-231. DOI: 10.7546/giq-
21-2020-221-231]. A partial metric space, which was introduced in 1992, is a
generalization of the notion of metric space such that the distance of a point from
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itself is not necessarily zero. Later, many scientists worked on �xed point theorems
for set-valued mappings on partial metric spaces.

This paper elaborates on a composition of two set-valued mappings in partial
metric spaces. Let (X, p) and (Y, σ) be two partial metric spaces. Let F : X ⇒ Y and
G : Y ⇒ X be two multi-valued operators. The problem is to �nd (x∗, y∗) ∈ X ×Y
such that: {

x∗ ∈ G(y∗)
y∗ ∈ F (x∗).

Then, (x∗, y∗) is called altering point of F and G. In this paper we prove the
existence of an altering point for two set - valued mappings in complete partial
metric spaces.

[M. Hristov , A. Ilchev , D. Nedelcheva B. Zlatanov: "Existence
of Coupled Best Proximity Points of p-Cyclic Contractions Axioms 2021,
10(1), 39; doi.org/10.3390/axioms10010039]. It turns out that there is a great
interest on coupled �xed points the last years, both in fundamental results and their
applications. We generalize the notion of coupled �xed (or best proximity) points
for cyclic ordered pairs of maps to p�cyclic ordered pairs of maps.

A notion that generalizes �xed point results for non-self maps is that of cyclic
maps, i.e., T : A → B, T : B → A. Sometimes the classical equation x = Tx may
not posses a solution, and thus �xed points results could not be applied. We can
alter the problem x = Tx to the optimization problem min{‖x−Tx‖}. It is already
known that x is called a best proximity points of T in A if ‖x−Tx‖ = dist(A,B) =
inf{‖a−b‖ : a ∈ A, b ∈ B}. The notion of best proximity points actually generalizes
the notion of cyclic maps, as far as if A ∩ B 6= ∅, then any best proximity point is
a �xed point, too.

We have tried to unify already existing techniques to get results for the
existence and uniqueness of coupled �xed (or best proximity) points for p�cyclic
maps. More precisely, we �nd su�cient conditions for the existence and uniqueness
of the coupled �xed (or best proximity) points. It turns out that best proximity
points are interesting not only as a pure mathematical results, but also as a possibility
for a new approach in solving of di�erent types of problems. We mention a new kind
of applications in the theory of equilibrium in duopoly markets. We illustrate the
results with an example that covers a wide class of maps.

[G. Gecheva, D. Nedelcheva, M. Ruseva and B. Zlatanov: "Applicati-
ons of Coupled Fixed Points for Multivalued Maps in the Equilibrium
in Duopoly Markets and in Aquatic Ecosystems Axioms 2021, 10(2), 44;
doi.org/10.3390/axioms10020044]. In the late twentieth century Dontchev and
Hager successfully presented an extension of Nadler's �xed point result for set -
valued mappings. They determined the location of a �xed point with respect to an
initial value of the set�valued mapping. Their conclusion was obtained under two

6



modi�ed conditions and it has been playing an important role in the development
of the metric �xed point theory. One kind of a generalization of this result is the
notation of coupled �xed points. We have obtained a new class of ordered pairs
of multivalued maps that have pairs of coupled �xed points. More precisely, we
consider two set�valued maps F1 : X × Y ⇒ X and F2 : X × Y ⇒ Y, where
(X, ρ) and (Y, σ) are complete metric spaces. We prove the existence of at leased
one ordered pair (x, y), such that x ∈ F1(x, y) and y ∈ F2(x, y), which is call
generalized coupled �xed point for the ordered pair of set�valued maps (F1, F2). We
illustrate the main result with two examples, that cover wide range of models. We
apply the main result in models in duopoly markets to get an existence of market
equilibrium and in aquatic ecosystems to get equilibrium too.

[ D. Nedelcheva: "Methods for solving generalized equations book,
University Publishing House at the Technical University - Varna, ISBN
978-954-20-0819-4]. There are practical applications of �xed point theory to
generalized equations, to systems of nonlinear variational inequalities, to systems
of hierarchical variational inequalities, to game theory, and so on.

In this book we study the local convergence of three methods for solving
generalized equations. Wide variety of variational problems such as linear and
nonlinear complementarity problems, systems of nonlinear equations, �rst-order
necessary conditions for nonlinear programming etc. can be solved by applying
generalized equations serving as an abstract model. They are also widely used in
engineering and economics.

In Chapter 1 "Basic de�nitions and results"we give some historical background
of the main problems presented in the book. We also give some basic de�nitions
and well known results.

In Chapter 2 "Newton type method involving point based approximation"we
study the local convergence of the method

0 ∈ A(p, xk, xk+1) + F (xk+1),

in order to �nd the solution of the generalized equation

find x ∈ X such that 0 ∈ f(p, x) + F (x).

We show that this method is convergent to the value s(p) of the Lipschitz continuous
localization of the solution mapping , if the mapping

f(p̄, x̄) +∇xf(p̄, x̄)(· − x̄) + F (·)

is strongly metrically regular at x̄ for 0 with associated Lipschitz continuous single
valued localization σ around 0 for x̄ of the inverse

[f(p̄, x̄) +∇xf(p̄, x̄)(· − x̄) + F (·)]−1,
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f is Lipschitz continuous with respect to p uniformly with x, the function A :
P ×X ×X → Y is (n, α) - point-based approximation of f and ∇xf is Lipschitz
continuous with respect to x uniformly with p.

In Chapter 3 "Method of Chords for solving parametric generalized equations"we
study the local convergence of the chord method for solving nonsmooth generalized
equations of the form:

(1) find x ∈ X such that y ∈ f(x) + F (x),

where f is a function and F is a set-valued map acting from a Banach space X to
the linear normed space Y.

We study the local convergence of the method

(3) y ∈ f(xk) + A(xk+1 − xk) + F (xk+1),

if the set-valued map

[f(x∗) +∇f(x∗)(· − x∗) + F (·)]−1

is Aubin continuous at (0, x∗) with a constant M for growth, f : X → Y is a
function, whose Fr�echet derivative is L−Lipschitz and A ∈ L(X, Y ) is such that
2M‖∇f(x∗)−A‖ < 1. Let us specify that when A = ∇f(x0) and y = 0 the method
(3) reduces to the well-known modi�ed Newton method

0 ∈ f(xk) +∇f(x0)(xk+1 − xk) + F (xk+1).

The main advantage of the method (3) seems to be the fact that one does not need
to calculate the derivative of the function f which in some cases might be quite
involved computationally.

In Chapter 4 "Secant type method"we consider generalized equations of the
form

0 ∈ f(p, x) + g(p, x) + F (x) (1)

is a subject of our research. We consider the method

0 ∈ f(p, xk) + g(p, xk) + (∇xf(p, xk) + [p, xk−1, xk; g])(xk+1 − xk) + F (xk+1) (2)

where f : P ×X → Y is di�erentiable in a neighborhood of a solution (p̄, x̄) of (2)
and g : P × X → Y is di�erentiable at (p̄, x̄) but may be not di�erentiable in a
neighborhood of (p̄, x̄). We show that this method is convergent to the value s(p)
of the Lipschitz continuous localization of the solution mapping , if the mapping

f(p̄, x̄) + g(p̄, x) +∇xf(p̄, x̄)(x− x̄) + F (x)

is strongly metrically regular at x̄ for 0 where (p̄, x̄) is solution of (2) with associated
Lipschitz continuous single valued localization σ around 0 for x̄ of the inverse

[f(p̄, x̄) + g(p̄, x) +∇xf(p̄, x̄)(x− x̄) + F (x)]−1,
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f and g are Lipschitz continuous with respect to both variables in a neighborhood
of the point (p̄, x̄), ∇xf is Lipschitz continuous with respect to x uniformly in

p, 4 lip(σ; 0).l̂ipx(g; (p̄, x̄)) < 1, for the second order divided di�erence we assume
‖[p, x, y, z; g]‖ ≤ K, K ∈ R.

We use method (3) and de�ne an implicit mapping involving sequences of
iterates as elements of a sequence space. This way we prove an implicit function
theorem. Such theorems are commonly used in various parts of mathematics, including
partial di�erential equations, nonsmooth analysis, and numerical analysis.
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Ðåçþìåòà

íà ñâúðçàíèòå ñ êîíêóðñà íàó÷íè òðóäîâå
íà ãë.àñ.ä-ð Äèàíà Êèðèëîâà Íåäåë÷åâà.

Ãðóïà [A] Îïòèìèçàöèÿ íà ìíîæåñòâà
Ïðåç ïîñëåäíèòå íÿêîëêî ãîäèíè íàðàñòâà èíòåðåñúò êúì îïòèìèçàöèÿ-

òà íà ìíîæåñòâà. Åäíà îò ïðè÷èíèòå, ïîðàäè êîèòî òàçè òåîðèÿ ïðåòúðïÿâà
òàêîâà îãðîìíî ðàçâèòèå, âåðîÿòíî å ôàêòà, ÷å ìíîãî çàäà÷è, ïðîèçòè÷àùè îò
ðàçëè÷íè îáëàñòè êàòî èíæåíåðñòâî â ìåäèöèíàòà, ôèíàíñè èëè èêîíîìèêà, ñå
ñâåæäàò äî îïòèìèçàöèîííè çàäà÷è, â êîèòî ó÷àñòâàò ìíîãîçíà÷íè èçîáðàæå-
íèÿ. Îïòèìèçàöèÿòà íà ìíîæåñòâà ìîæå ñúùî òàêà åñòåñòâåíî äà âúçíèêâàò è â
çàäà÷è íà àêàäåìè÷íè äèñöèïëèíè, êîèòî íå ñà òÿñíî ñâúðçàíè ñ ìàòåìàòèêàòà,
êàòî ñîöèàëíèòå íàóêè. Íàïðèìåð â òåîðèÿòà çà ñîöèàëíèÿ èçáîð èíäèâèäóàë-
íèòå ïðåäïî÷èòàíèÿ ïðåä àëòåðíàòèâèòå ñå îïèñâàò ÷ðåç ìîäåëè, âêëþ÷âàùè
áèíàðíè ðåëàöèè, íàðå÷åíè ðåëàöèÿ íà ïðåäïî÷èòàíèÿ.

Ïóáëèêàöèè îò Ãðóïà [A]

1. M.H. Geo�roy, Y. Marcelin, D.K. Nedelcheva: Convergence of relaxed
minimizers in set optimization, Optimization Letters 2017, 11(8):1677-
1690. DOI: 10.1007/s11590-016-1079-4 ( IF 1.013 ) Q2

2. M. Gaydu, M.H. Geo�roy, C. Jean-Alexis, D.K. Nedelcheva: Stability
of minimizers of set optimization problems, Positivity 2017, 21(1):127-
141. DOI: 10.1007/s11117-016-0412-6 ( IF 0.92 ) Q2

3. D. Kamburova and D.Ê. Nedelcheva: "Variational Principles for
supinf Problems with Constraints Geometry, Integrability and Quanti-
zation, 2020, pp 163-169. DOI: 10.7546/giq-21-2020-163-169

[M.H. Geo�roy, Y. Marcelin, D.K. Nedelcheva: Convergence of relaxed
minimizers in set optimization, Optimization Letters 2017, 11(8):1677-
1690. DOI: 10.1007/s11590-016-1079-4 ( IF 1.013 ) Q2]. Â òàçè ñòàòèÿ
èçñëåäâàìå, ïî åäèí óíèôèöèðàí íà÷èí, ñòàáèëíîñòòà íà íÿêîè òî÷êè íà äîñòè-
ãàíå íà ñëàá ìèíèìóì çà ìíîãîçíà÷íèòå îïòèìèçàöèîííè çàäà÷è. Âúâåæäàìå
òîïîëîãèÿ âúðõó âåêòîðíè íàðåäåíè ïðîñòðàíñòâà è êîíöåïöèÿ çà ñõîäèìîñò,
êîÿòî íè ïîçâîëÿâà äà èçñëåäâàìå, êàêòî ñòàáèëíîñò îòãîðå, òàêà è ñòàáèëíîñò-
òà îòäîëó íà ìíîæåñòâîòî îò òî÷êè íà äîñòèãàíå íà ñëàá ìèíèìóì.

Ðàçãëåæäàìå Áàíàõîâî ïðîñòðàíñòâî X è Áàíàõîâî ïðîñòðàíñòâî Y íà-
ðåäåíî îò íåïðàçåí, çàòâîðåí, èçïúêíàë è çàîñòðåí êîíóñ C ⊂ Y ïîñðåäñòâîì
ðåëàöèÿòà ≤ äåôèíèðàíà, ÷ðåç y1 ≤ y2 òîãàâà è ñàìî òîãàâà, êîãàòî y2−y1 ∈ C.
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Ðàçãëåæäàìå ìíîãîçíà÷íî èçîáðàæåíèå F, äåôèíèðàíî âúðõóX, ñúñ ñòîé-
íîñòè ïîäìíîæåñòâàòà íà Y, îçíà÷åíî ñ F : X ⇒ Y ñ íåïðàçíî äåôèíèöèîííî
íîæåñòâî, îçíà÷åíî ñ domF, êàòî domF = {x ∈ X|F (x) 6= ∅}. Îçíà÷åíèåòî
gphF èçïîëçâàìå çà ãðàôèêàòà íà ìíîãîçíà÷íîòî èçîáðàæåíèå F, ò.å. ìíîæåñ-
òâîòî îò òî÷êè (x, y) ∈ X × Y òàêèâà, ÷å y ∈ F (x). Ðàçãëåæäàìå ñëåäíàòà
çàäà÷à íà îïòèìèçàöèÿòà íà ìíîãîçíà÷íè èçîáðàæåíèÿ:

(P) :

{
äà ñå íàìåðÿò òî÷êèòå, â êîèòî F (x)äîñòèãà ìèíèìóì
ïðè óñëîâèå, ÷å x ∈ D;

êúäåòî F å öåëåâàòà ôóíêöèÿ íà çàäà÷àòà (P), à ìíîæåñòâîòîD å çàòâîðå-
íî ïîäìíîæåñòâî íà domF. Ðåøàâàíåòî íà òàçè çàäà÷à ñå ñúñòîè â íàìèðàíåòî
âñè÷êè âåêòîðè x̄ ∈ D çà êîèòî ñúùåñòâóâà âåêòîð ȳ ∈ F (x̄) òàêà, ÷å ȳ å òî÷êà
íà ìèíèìóì çà F (D). Òàêàâà äâîéêà (x̄, ȳ) ∈ gphF ∩(D×Y ) ñå íàðè÷à ìèíèìè-
çàòîð íà çàäà÷à (P). Â òàçè ñòàòèÿ, íàøàòà öåë å äà èçñëåäâàìå àñèìïòîòè÷íî-
òî ïîâåäåíèå íà ðåäèöèòå îò çàäà÷è çà ìèíèìèçèðàíå. Ïî-òî÷íî, ðàçãëåæäàìå
ðåäèöà îò îïòèìèçàöèîííè çàäà÷è (Pn), äàííèòå îò êîèòî ñà ñõîäÿùè â îïðåäå-
ëåí ñìèñúë êúì äàííèòå íà çàäàäåíàòà îïòèìèçàöèîííà çàäà÷à (P). Èçó÷àâà-
ìå ñõîäèìîñòòà íà ìíîæåñòâîòî îò ìèíèìèçàòîðè íà (Pn) êúì ìíîæåñòâîòî îò
ìèíèìèçàòîðè íà (P). Ðàáîòèì ñ øèðîê êëàñ ñëàáè ìèíèìèçàòîðè, íàðå÷åíè
ñ− ìèíèìèçàòîðè, è èçó÷àâàìå òÿõíàòà ñòàáèëíîñò â Áàíàõîâè ïðîñòðàíñòâà.
Êëàñúò íà ìèíèìèçàòîðèòå, êîèòî ðàçãëåæäàìå çàåäíî ñ ôàêòúò, ÷å ðàáîòèì
â áåçêðàéíîìåðíè ïðîñòðàíñòâà, íè ïîçâîëÿâà äà ðàçøèðèì ìíîãî ðåçóëòàòè,
äîêàçàíè â ñêàëàðíàòà è âåêòîðíà îïòèìèçàöèÿ.

[M. Gaydu, M.H. Geo�roy, C. Jean-Alexis, D.K. Nedelcheva: Stabili-
ty of minimizers of set optimization problems, Positivity 2017, 21(1):127-
141. DOI: 10.1007/s11117-016-0412-6 ( IF 0.92 ) Q2].

Èçó÷àâàìå àñèìïòîòè÷íîòî ïîâåäåíèå íà ðåäèöà îò çàäà÷è çà ìèíèìèçè-
ðàíå íà ìíîãîçíà÷íè èçîáðàæåíèÿ. Ïî-òî÷íî, ðàçãëåæäàéêè ðåäèöàòà îò îï-
òèìèçàöèîííè çàäà÷è íà ìíîæåñòâà (Pn), ñõîäÿùà â íÿêàêúâ ñìèñúë êúì îï-
òèìèçàöèîííàòà çàäà÷à (P ), íèå èçñëåäâàìå ãîðíàòà è äîëíàòà ñõîäèìîñò íà
ìíîæåñòâàòà îò ìèíèìèçàòîðè íà çàäà÷èòå (Pn) êúì ìíîæåñòâîòî îò ìèíèìè-
çàòîðè íà çàäà÷àòà (P ).

Îïèñàíèåòî íà àñèìïòîòè÷íîòî ïîâåäåíèå íà ôàìèëèè îò çàäà÷è çà ìèíè-
ìèçèðàíå (èëè ìàêñèìèçèðàíå) å ïîïóëÿðíà òåìà â îïòèìèçàöèÿòà. Òî íàìèðà
ñâîÿòà ìîòèâàöèÿ â ìíîãî ìàòåìàòè÷åñêè çàäà÷è, êîèòî íàìèðàò ñâîåòî ïðè-
ëîæåíèå â èíäóñòðèÿòà, ìîäåëèðàíåòî â èêîíîìèêàòà, êàêòî è â àáñòðàêòíè
ìàòåìàòè÷åñêè âúïðîñè. Â íÿêîè ñèòóàöèè å óäîáíî äà ñå çàìåíè èçñëåäâàíåòî
íà àñèìïòîòè÷íîòî ïîâåäåíèå íà ôàìèëèÿ îïòèìèçàöèîííè çàäà÷è ñ èçñëåäâàíå
íà òàêà íàðå÷åíàòà ½ãðàíè÷íà çàäà÷à�. Åñòåñòâåíî, òàçè ãðàíè÷íà çàäà÷à òðÿá-
âà äà îáõâàíå îñíîâíîòî ïîâåäåíèå íà ìèíèìèçàòîðèòå (èëè ìàêñèìèçàòîðèòå)
íà ôàìèëèÿòà îò ðàçãëåæäàíè çàäà÷è. Îñâåí òîâà ðåøåíèÿòà íà ãðàíè÷íàòà
çàäà÷à òðÿáâà äà ñå ïîëó÷àâàò ïî-ëåñíî. È îáðàòíî, êàòî ñå èìà ïðåäâèä çà-
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äàäåíà îïòèìèçàöèîííà çàäà÷à, ÷èèòî ðåøåíèÿ ñà òðóäíè çà õàðàêòåðèçèðàíå,
ìîæå áè å ïîëåçíî äà ñå íàìåðÿò çàäà÷è, àïðîêñèìèðàùè îðèãèíàëíàòà, ÷èèòî
ðåøåíèÿ ñà ïî-ëåñíè çà ðàáîòà.

Â òàçè ñòàòèÿ ðàçãëåæäàìå ñëåäíàòà îïòèìèçàöèîííà çàäà÷à:

(P) :

{
äà ñå íàìåðÿò òî÷êèòå, â êîèòî F (x)äîñòèãà ìèíèìóì
ïðè óñëîâèå, ÷å x ∈ D; .

êúäåòî èçîáðàæåíèåòî F å öåëåâàòà ôóíêöèÿ íà çàäà÷àòà (P) è ìíîæåñ-
òâîòî D å çàòâîðåíî ïîäìíîæåñòâî íà domF. Ðåøàâàíåòî íà òàçè çàäà÷à ñå
ñúñòîè â íàìèðàíåòî íà âñè÷êè âåêòîðè x̄ â D, çà êîéòî èìà âåêòîð ȳ ∈ F (x̄)
òàêúâ, ÷å ȳ å òî÷êà íà äîñòèãàíå íà ìèíèìóì çà F (D). Â ëèòåðàòóðàòà ìíî-
ãî ñòàòèè, ïîñâåòåíè íà èçñëåäâàíåòî íà ñòàáèëíîñòòà íà ìèíèìèçàòîðèòå âúâ
âåêòîðíà îïòèìèçàöèÿ, ôîêóñèðàò âíèìàíèåòî êàêòî âúðõó Ïàðåòî ìèíèìèçà-
òîðèòå, òàêà è âúðõó ñëàáèòå ìèíèìèçàòîðè.

Íî, çà äà ìîæåì äà ðàáîòèì ñúñ ñëàáè ìèíèìèçàòîðè, òðÿáâà êîíóñúò íà
íàðåäáàòà C äà áúäå òâúðä, ò.å. äà èìà íåïðàçíà âúòðåøíîñò; òîâà ïðåäïîëî-
æåíèå èçãëåæäà äîíÿêúäå îãðàíè÷àâàùî, òúé êàòî ìíîãî åñòåñòâåíè êîíóñè íà
íàðåäáà â áåçêðàéíîìåðíè ïðîñòðàíñòâà íå èçïúëíÿâàò òîâà óñëîâèå, äîêàòî
äîðè ïðè êðàéíè ðàçìåðíîñòè ñå ñëó÷âà äà ñå ìîäåëèðà ñ âåêòîðíè îïòèìèçà-
öèîííè çàäà÷è ñ ïîìîùòà íà íåòâúðäè íàðåæäàùè êîíóñè. Âçåìàéêè ïðåäâèä
òàçè ñèòóàöèÿ, íèå èçáðàõìå äà âúçïðèåìåì ðàçëè÷åí ïîäõîä, êàòî ðàçãëåäàõ-
ìå äðóãà êîíöåïöèÿ çà îòñëàáåíè ìèíèìèçàòîðè, à èìåííî îòíîñèòåëíèòå ìè-
íèìèçàòîðè. Îòíîñèòåëíèòå ìèíèìèçàòîðè ñå äåôèíèðàò ïîäîáíî íà ñëàáèòå
ìèíèìèçàòîðè, ñ òàçè ðàçëèêà, ÷å âúòðåøíîñòòà íà êîíóñà C å çàìåíåíà ñ îò-
íîñèòåëíàòà ìó âúòðåøíîñò, êîÿòî å ïî-ìàëêî îãðàíè÷àâàùà êîíöåïöèÿ.

Ðàçãëåæäàìå ðåäèöàòà îò îïòèìèçàöèîííè çàäà÷è (Pn)

(Pn) :

{
äà ñå íàìåðÿò òî÷êèòå, â êîèòî Fn(x)äîñòèãà ìèíèìóì
ïðè óñëîâèå, ÷å x ∈ Dn; .

êúäåòî ñå ïðåäïîëàãà, ÷å çà âñÿêî n ∈ N, Fn : X ⇒ Y , domFn 6= ∅ è Dn å
íåïðàçíî, çàòâîðåíî ïîäìíîæåñòâî íà domFn.

Â òàçè ñòàòèÿ íèå âúâåæäàìå è îáñúæäàìå äâåòå èäåè çà ñõîäèìîñò íà
çàäà÷èòå çà îïòèìèçàöèÿ íà ìíîæåñòâà, êîèòî èçïîëçâàìå, çà äà óñòàíîâèì íà-
øèòå ðåçóëòàòè, ñâúðçàíè ñúñ ñòàáèëíîñòòà íà ïðîöåñà, à èìåííî ñõîäèìîñò,
ïîäîáíà íà Painleve-Kuratowski (PKL-ñõîäèìîñò) è Gamma− ñõîäèìîñò. Çà-
ïî÷âàìå ñ èçñëåäâàíå íà ñõîäèìîñòòà îòãîðå êàêòî íà îòíîñèòåëíè, òàêà è íà
ñèëíè ìèíèìèçàòîðè; ïî-òî÷íî ïîêàçâàìå, ÷å àêî ðåäèöàòà îò îïòèìèçàöèîííè
çàäà÷è ñ ìíîãîçíà÷íè èçîáðàæåíèÿ (Pn) PKL-êëîíè êúì çàäà÷àòà (P), òîãàâà
âñÿêà êëúñòåðíà òî÷êà íà ðåäèöà îò ïîäõîäÿùè àïðîêñèìèðàùè îòíîñèòåëíè
ìèíèìèçàòîðè (ñúîòâåòíî ñèëíè ìèíèìèçàòîðè) íà çàäà÷àòà (Pn) å îòíîñèòåëåí
ìèíèìèçàòîð (ñúîòâåòíî ñèëåí ìèíèìèçàòîð) íà çàäà÷àòà (P). Íèå ïîêàçâàìå,
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÷å âñåêè îòíîñèòåëåí ìèíèìèçàòîð íà (P) ìîæå äà áúäå àïðîêñèìèðàí ÷ðåç
ðåäèöà îò ïðèáëèçèòåëíè ìèíèìèçàòîðè íà çàäà÷èòå (Pn), êîãàòî ðåäèöàòà îò
çàäà÷è (Pn) å Gamma−ñõîäÿùà êúì çàäà÷àòà (P).

[D. Kamburova and D.Ê. Nedelcheva: "Variational Principles for
supinf Problems with Constraints Geometry, Integrability and Quantiza-
tion, 2020, pp 163-169. DOI: 10.7546/giq-21-2020-163-169] Âàðèàöèîííè-
òå ïðèíöèïè ñà ãðóïà ðåçóëòàòè, êîèòî îïèñâàò äîñòàòú÷íè óñëîâèÿ, ïðè êîèòî
ñëåä ñìóùåíèå íà ïîëóíåïðåêúñíàòà îòäîëó ôóíêöèÿ, êîÿòî å îãðàíè÷åíà îòäî-
ëó, îò ôóíêöèÿ ñ ïðîèçâîëíî ìàëêà íîðìà, ïîëó÷åíàòà îïòèìèçàöèîííà çàäà÷à
èìà ðåøåíèå. Â òàçè ñòàòèÿ å ðàçãëåäàí ñëåäíàòà "supinf"çàäà÷à ñ îãðàíè÷åíèÿ:

(P ) sup inf
x ∈ X, y ∈ Kx

f(x, y)

êúäåòî X è Y ñà ïúëíè òîïîëîãè÷íè ïðîñòðàíñòâà, K : X ⇒ Y å ìíî-
ãîçíà÷íî èçîáðàæåíèå è f : X × Y → [−∞,∞] å ðàçøèðåíà ôóíêöèÿ ñ ðåàëíà
ñòîéíîñò.

Ïðåäñòàâåíè ñà íÿêîè ïðåäâàðèòåëíè ðåçóëòàòè, ñðåä êîèòî è ðåçóëòàò
ïóáëèêóâàí â [Gaumont D., Kamburova D., Revalski J. P., Perturbations of Supinf
Problems with Constraints, Vietnam J. Math. 47 (2019) 659�667], êàòî å ðàçãëå-
äàí âàðèàöèîíåí ïðèíöèï çà çàäà÷àòà (P). Èçñëåäâàíèÿòà ñà ïîñâåòåíè íà íà-
ìèðàíåòî íà äîñòàòú÷íî óñëîâèÿ êîèòî îñèãóðÿâàò âàëèäíîñò íà ïðåäñòàâåíèòå
ðåçóëòàòè â ñëó÷àé íà çàäà÷àòà íà Stackelberg.

Ãðóïà [B] Òåîðåìè çà íåïîäâèæíèòå òî÷êè è ïðèëîæåíèÿ
Òåîðèÿòà íà íåïîäâèæíèòå òî÷êè å îáåêò íà àêòèâíè èçñëåäâàíèÿ ñ øè-

ðîê ñïåêòúð îò ïðèëîæåíèÿ â ðàçëè÷íè îáëàñòè. Âêëþ÷âà ðåçóëòàòè, êîèòî
òâúðäÿò, ÷å ïðè îïðåäåëåíè óñëîâèÿ åäíîçíà÷íîòî èçîáðàæåíèå f, äåôèíèðàíî
âúðõó ìíîæåñòâîòî X èìà åäíà èëè ïîâå÷å íåïîäâèæíè òî÷êè, ò.å. ñúùåñòâóâà
òî÷êà x ∈ X òàêàâà, ÷å f(x) = x. Ïðåç 1922 ã. ïîëñêèÿò ìàòåìàòèê Ñòåôàí Áà-
íàõ ôîðìóëèðà è äîêàçâà òåîðåìà, êîÿòî ñå îòíàñÿ äî ñúùåñòâóâàíåòî è åäèíñ-
òâåíîñòòà íà íåïîäâèçíà òî÷êà â ïúëíî ìåòðè÷íî ïðîñòðàíñòâî . Ðåçóëòàòúò ìó
å èçâåñòåí ïîä èìåòî "Òåîðåìà çà íåïîäâèæíàòà òî÷êà íà Áàíàõ"èëè "Ïðèí-
öèï íà Áàíàõ çà ñâèâàùîòî èçîáðàæåíèå". Èçïîëçâàéêè òåðìèíà Õàóñäîðôîâà
ìåòðèêà, ïðåç 1969 ã., Íàäëåð âúâåæäà ïîíÿòèåòî ìíîãîçíà÷íî ñâèâàùî èçîá-
ðàæåíèå è äîêàçâà ìíîãîçíà÷íàòà âåðñèÿ íà ïðèíöèïà íà Áàíàõ çà ñâèâàùîòî
èçîáðàæåíèå. Îò òîãàâà ìíîãî ìàòåìàòèöè ðàáîòÿò íåóìîðíî â òàçè îáëàñò,
òàêà ñå ïîÿâÿâàò è ðåäèöà îáîáùåíèÿ íà ïðèíöèïà íà Íàäëåð çà ñâèâàùîòî
èçîáðàæåíèå.
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Ïóáëèêàöèè îò ãðóïà [B]

1. Ä. Íåäåë÷åâà, Ð. Ìàðèíîâ: "Òåîðèÿ íà íåïîäâèæíèòå òî÷êè ìî-
íîãðàôèÿ, Óíèâåðñèòåòñêî èçäàòåëñòâî ïðè ÒÓ - Âàðíà, ISBN
978-954-20-0818-7

2. D. K. Nedelcheva: "Altering Points in Partial Metric Space Geometry,
Integrability and Quantization, 2020, pp 221-231. DOI: 10.7546/giq-
21-2020-221-231

3. M. Hristov , A. Ilchev , D. Nedelcheva B. Zlatanov: "Existence
of Coupled Best Proximity Points of p-Cyclic Contractions Axioms
2021, 10(1), 39; doi.org/10.3390/axioms10010039

4. G. Gecheva, D. Nedelcheva, M. Ruseva and B. Zlatanov: "Applicati-
ons of Coupled Fixed Points for Multivalued Maps in the Equilibrium
in Duopoly Markets and in Aquatic Ecosystems Axioms 2021, 10(2),
44; doi.org/10.3390/axioms10020044

5. Ä. Íåäåë÷åâà: "Ìåòîäè çà ðåøàâàíå íà îáîáùåíè óðàâíåíèÿ-
êíèãà, Óíèâåðñèòåòñêî èçäàòåëñòâî ïðè ÒÓ - Âàðíà, ISBN 978-
954-20-0819-4

[Ä. Íåäåë÷åâà, Ð. Ìàðèíîâ: "Òåîðèÿ íà íåïîäâèæíèòå òî÷êè ìî-
íîãðàôèÿ, Óíèâåðñèòåòñêî èçäàòåëñòâî ïðè ÒÓ - Âàðíà, ISBN 978-
954-20-0818-7]. Öåëòà íà òàçè ìîíîãðàôèÿ å äà ïðåäîñòàâè àêòóàëåí ïðåãëåä
íà çàäà÷èòå ñâúðçàíè ñ òåîðèÿòà íà íåïîäâèæíèòå òî÷êè, äà ïðåäñòàâè äîêàçà-
òåëñòâà íà íÿêîè íîâè òåîðåìè çà äâîéíî ñâèâàùè ìíîãîçíà÷íè èçîáðàæåíèÿ,
êàêòî è íÿêîè ðåçóëòàòè çà åäíîçíà÷íè èçîáðàæåíèÿ. Ãëàâèòå ñà ïîñâåòåíè íà
ñúâðåìåííèòå èçñëåäâàíèÿ è ðàçâèòèå íà òåîðèÿòà çà íåïîäâèæíèòå òî÷êè. Òà-
çè ìîíîãðàôèÿ ñúäúðæà ïðåäèìíî îðèãèíàëíè èçñëåäâàíèÿ íà àâòîðèòå. Ìîæå
äà áúäå îò îñîáåí èíòåðåñ çà øèðîê êðúã ìàòåìàòèöè, ÷èÿòî îáëàñò íà èçñëåä-
âàíèÿ å òåîðèÿòà íà íåïîäâèæíèòå òî÷êè.

Ìîíîãðàôèÿòà ñå ñúñòîè îò òðè ãëàâè. Ãëàâà 1 ½Íåïîäâèæíè òî÷êè â ìåò-
ðè÷íè ïðîñòðàíñòâà� äàâà èñòîðè÷åñêà èíôîðìàöèÿ çà îñíîâíèòå çàäà÷è, ïðåä-
ñòàâåíè â ìîíîãðàôèÿòà. Ñúùî òàêà ïðåäñòàâÿ íÿêîè îñíîâíè îïðåäåëåíèÿ è
äîáðå èçâåñòíè ðåçóëòàòè. Ïîäðîáíèòå äîêàçàòåëñòâà íà òåîðåìàòà çà íåïîä-
âèæíàòà òî÷êà íà Áàíàõ è òåîðåìàòà çà íåïîäâèæíèòå òî÷êè íà Äîí÷åâ - Õàãúð
ñà èçëîæåíè â ìîíîãðàôèÿòà. Äîí÷åâ è Õàãúð ðàçãëåæäàò îáîáùåíè ìåòîäè çà
ñõîäèìîñò â ìåòðè÷íî ïðîñòðàíñòâî è èçó÷àâàò ñúùåñòâóâàíåòî íà ðåøåíèå íà
îáîáùåíè óðàâíåíèÿ ñ ïîìîù íà òåîðåìèòå çà íåïîäâèæíàòà òî÷êà â ìåòðè÷íè
ïðîñòðàíñòâà.

Â Ãëàâà 2 ½Íåïîäâèæíè òî÷êè â êîíóñíè ìåòðè÷íè ïðîñòðàíñòâà� ñà âúâå-
äåíè íÿêîè îïðåäåëåíèÿ è îñíîâíè ðåçóëòàòè â êîíóñíè ìåòðè÷íèòå ïðîñòðàíñ-
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òâà. Â òàçè ãëàâà ñå äîêàçâà ñúùåñòâóâàíåòî è åäèíñòâåíîñòòà íà íåïîäâèæíè-
òå òî÷êè çà êîìïîçèöèÿ îò äâå ìíîãîçíà÷íè èçîáðàæåíèÿ â êîíóñíè ìåòðè÷íè
ïðîñòðàíñòâà. Ïî-òî÷íî, íèå ðàçãëåæäàìå òåîðåìàòà çà íåïîäâèæíèòå òî÷êè çà
α− ψ− ñâèâàùè ìíîãîçíà÷íè èçîáðàæåíèÿ â êîíóñíè ìåòðè÷íè ïðîñòðàíñòâà,
äîêàçàíà îò Kutbi è Situnavarat è äîêàçâàìå ðàçøèðÿâàíå íà òåõíèÿ ðåçóëòà-
òà çà êîìïîçèöèÿ îò äâå ñâèâàùè ìíîãîçíà÷íè èçîáðàæåíèÿ, êàòî èçïîëçâàìå
ïîíÿòèåòî α−β−ψ− e− ñâèâàùè ìíîãîçíà÷íè èçîáðàæåíèÿ. Äîêàçâàìå åäèí-
ñòâåíîñòòà íà íåïîäâèæíàòà òî÷êà â åäíîçíà÷íèÿ ñëó÷àé, ïðè äîïúëíèòåëíî
ïðåäïîëîæåíèå. Íåùî ïîâå÷å, íèå èçó÷àâàìå ñúùåñòâóâàíåòî è ìåñòîïîëîæå-
íèåòî íà äâîéêà íåïîäâèæíè òî÷êè (coupled �xed points) è îáùè íåïîäâèæíè
òî÷êè (common �xed points) çà ïîñî÷åíèÿ âèä ìíîãîçíà÷íè èçîáðàæåíèÿ.

Â ãëàâà 3 ½Íåïîäâèæíè òî÷êè â ÷àñòè÷íè ìåòðè÷íè ïðîñòðàíñòâà.� ñà äî-
êàçàíè òåîðåìè çà íåïîäâèæíèòå òî÷êà, êîèòî îáîáùàâàò è äîïúëâàò íÿêîè
âå÷å èçâåñòíè ðåçóëòàòè. Äîêàçâàìå ñúùåñòâóâàíåòî íà îáùà íåïîäâèæíà òî÷-
êà çà äâå ìíîãîçíà÷íè èçîáðàæåíèÿ â ïúëíè ÷àñòè÷íè ìåòðè÷íè ïðîñòðàíñòâà.
Íåùî ïîâå÷å, íèå èçó÷àâàìå ñúùåñòâóâàíåòî è ìåñòîïîëîæåíèåòî íà äâîéêè íå-
ïîäâèæíè òî÷êè çà êîìïîçèöèÿ îò äâå ïñåâäîñâèâàùè ìíîãîçíà÷íè èçîáðàæå-
íèÿ â ÷àñòè÷íè ìåòðè÷íè ïðîñòðàíñòâà ñ ïîìîùòà íà Bianchini-Grundol� ôóí-
êöèè. Äîêàçâàìå ñúùåñòâóâàíåòî íà ðåøåíèå íà îáîáùåíàòà çàäà÷à çà äâîéêè
íåïîäâèæíè òî÷êè â ÷àñòè÷íè ìåòðè÷íè ïðîñòðàíñòâà.

[D. K. Nedelcheva: "Altering Points in Partial Metric Space Geomet-
ry, Integrability and Quantization, 2020, pp 221-231. DOI: 10.7546/giq-
21-2020-221-231]. ×àñòè÷íèòå ìåòðè÷íè ïðîñòðàíñòâà, âúâåäåíè ïðåç 1992 ã.,
ñà îáîáùåíèå íà ïîíÿòèåòî ìåòðè÷íî ïðîñòðàíñòâî, êàòî â òàêèâà ïðîñòðàíñ-
òâà ðàçñòîÿíèåòî îò åäíà òî÷êà äî ñúùàòà òàçè òî÷êà íå å íåïðåìåííî íóëà.
Ïî-êúñíî ìíîãî ó÷åíè ñà ðàáîòèëè âúðõó òåîðåìè çà íåïîäâèæíè òî÷êè çà ìíî-
ãîçíà÷íè èçîáðàæåíèÿ â ÷àñòè÷íè ìåòðè÷íè ïðîñòðàíñòâà. Â òàçè ñòàòèÿ å å
ðàçãëåäàíà êîìïîçèöèÿ îò äâå ìíîãîçíà÷íè èçîáðàæåíèÿ â ÷àñòè÷íè ìåòðè÷íè
ïðîñòðàíñòâà.

Íåêà (X, p) è (Y, σ) ñà äâå ÷àñòè÷íè ìåòðè÷íè ïðîñòðàíñòâà. Íåêà F :
X ⇒ Y è G : Y ⇒ X ñà äâà ìíîãîçíà÷íè îïåðàòîðà. Â çàäà÷àòà ñå òúðñÿò
òî÷êè (x∗, y∗) ∈ X × Y òàêèâà, ÷å:{

x∗ ∈ G(y∗)
y∗ ∈ F (x∗).

Òîãàâà, (x∗, y∗) ñå íàðè÷à "altering point"çà F èG. Â òàçè ñòàòèÿ å äîêàçàíî
ñúùåñòâóâàíåòî íà "altering point"çà äâå ìíîãîçíà÷íè èçîáðàæåíèÿ â ïúëíî
÷àñòè÷íî ìåòðè÷íî ïðîñòðàíñòâî.

[M. Hristov , A. Ilchev , D. Nedelcheva B. Zlatanov: "Existence of
Coupled Best Proximity Points of p-Cyclic Contractions Axioms 2021,
10(1), 39; doi.org/10.3390/axioms10010039]. Îêàçâà ñå, ÷å ïðåç ïîñëåäíèòå
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ãîäèíè, èìà ãîëÿì èíòåðåñ êúì äâîéêèòå íåïîäâèæíè òî÷êè, êàêòî êúì ôóíäà-
ìåíòàëíèòå ðåçóëòàòè ñâúðçàíè ñ òîçè âèä òî÷êè, òàêà è êúì òåõíèòå ïðèëîæå-
íèÿ. Â ñòàòèÿòà îáîáùàâàìå äåôèíèöèÿòà çà äâîéêè íåïîäâèæíè òî÷êè (òî÷êè
íà íàé - äîáðî ïðèáëèæåíèå) çà öèêëè÷íî ïîäðåäåíè äâîéêè èçîáðàæåíèÿ äî
p - öèêëè÷íî íàðåäåíè äâîéêè èçîáðàæåíèÿ.

Ïîíÿòèå, êîåòî îáîáùàâà ðåçóëòàòèòå çà íåïîäâèæíè òî÷êè çà èçîáðàæå-
íèÿ îò âèäà T : A→ B, T : B → A., å òîâà çà öèêëè÷íèòå èçîáðàæåíèÿ. Ïîíÿ-
êîãà êëàñè÷åñêîòî óðàâíåíèå x = Tx ìîæå äà íÿìà ðåøåíèå è ïî òîçè íà÷èí
òåîðåìèòå çà íåïîäâèæíè òî÷êè íå ìîãàò äà áúäàò ïðèëîæåíè. Ìîæåì äà ïðå-
îáðàçóâàìå çàäà÷àòà x = Tx â îïòèìèçàöèîííà çàäà÷à îò âèäà min{‖x− Tx‖}.
Âå÷å å èçâåñòíî, ÷å x ñå íàðè÷à òî÷êà íà íàé - äîáðî ïðèáëèæåíèå çà T â A,
àêî ‖x − Tx‖ = dist(A,B) = inf{‖a − b‖ : a ∈ A, b ∈ B}. Èäåÿòà çà òî÷êè íà
íàé - äîáðî ïðèáëèæåíèå âñúùíîñò îáîáùàâà ïðåäñòàâàòà çà öèêëè÷íè èçîá-
ðàæåíèÿ, êàòî àêî A ∩ B 6= ∅, òî âñÿêà òî÷êà íà íàé - äîáðî ïðèáëèæåíèå å
è íåïîäâèæíà òî÷êà. Îáîáùàâàìå âå÷å ñúùåñòâóâàùè òåõíèêè, çà äà ïîëó÷èì
ðåçóëòàòè çà ñúùåñòâóâàíåòî è åäèíñòâåíîñòòà íà äâîéêè íåïîäâèæíè òî÷êè
(òî÷êè íà íàé - äîáðî ïðèáëèæåíèå) çà p-öèêëè÷íè èçîáðàæåíèÿ. Ïî-òî÷íî, îò-
êðèâàìå äîñòàòú÷íè óñëîâèÿ çà ñúùåñòâóâàíå è åäèíñòâåíîñò íà òàêèâà òî÷êè.
Îêàçâà ñå, ÷å òî÷êèòå íà íàé - äîáðî ïðèáëèæåíèå ñà èíòåðåñíè íå ñàìî êàòî
÷èñòî ìàòåìàòè÷åñêè ðåçóëòàòè, íî è êàòî âúçìîæíîñò çà íîâ ïîäõîä â ðåøà-
âàíå íà ðàçëè÷íè âèäîâå çàäà÷è. Ñïîìåíàâàìå íîâ âèä ïðèëîæåíèÿ â òåîðèÿòà
çà ðàâíîâåñèåòî íà äóîïîëíèòå ïàçàðè. Èëþñòðèðàìå ðåçóëòàòèòå ñ ïðèìåð,
êîéòî îáõâàùà øèðîê êëàñ èçîáðàæåíèÿ.

[G. Gecheva, D. Nedelcheva, M. Ruseva and B. Zlatanov: "Applica-
tions of Coupled Fixed Points for Multivalued Maps in the Equilibrium
in Duopoly Markets and in Aquatic Ecosystems Axioms 2021, 10(2), 44;
doi.org/10.3390/axioms10020044].

Â êðàÿ íà ÕÕ âåê Äîí÷åâ è Õàãåð óñïåøíî ïðåäñòàâÿò ðàçøèðåíèå íà
ðåçóëòàòà çà íåïîäâèæíèòå òî÷êà íà Íàäëåð çà ìíîãîçíà÷íè èçîáðàæåíèÿ. Òå
îïðåäåëÿò ìåñòîïîëîæåíèåòî íà íåïîäâèæíà òî÷êà ïî îòíîøåíèå íà íà÷àëíà
ñòîéíîñò íà ìíîãîçíà÷íîòî èçîáðàæåíèå. Çàêëþ÷åíèåòî èì å ïîëó÷åíî ïðè íà-
ëîæåíè äâå ìîäèôèöèðàíè óñëîâèÿ è å èçèãðàëî âàæíà ðîëÿ â ðàçâèòèåòî íà
ìåòðè÷íàòà òåîðèÿ íà íåïîäâèæíèòå òî÷êè. Åäèí âèä îáîáùåíèå íà òîçè ðå-
çóëòàò å îáîçíà÷åíèå ñ èçïîëçâàíåòî íà äâîéêè íåïîäâèæíè òî÷êè. Â ñòàòèÿòà
ïîëó÷àâàìå íîâ êëàñ ïîäðåäåíè äâîéêè ìíîãîçíà÷íè êàðòè, êîèòî èìàò äâîéêè
ñâúðçàíè íåïîäâèæíè òî÷êè.

Ïî-òî÷íî, ðàçãëåæäàìå äâå ìíîãîçíà÷íè èçîáðàæåíèÿ F1 : X × Y ⇒ X è
F2 : X×Y ⇒ Y, êúäåòî (X, ρ) è (Y, σ) ñà ïúëíè ìåòðè÷íè ïðîñòðàíñòâà. Äîêàç-
âàìå ñúùåñòâóâàíåòî íà ïîíå åäíà íàðåäåíà äâîéêà (x, y), òàêà ÷å x ∈ F1(x, y)
è y ∈ F2(x, y), êîåòî ñå íàðè÷à îáîáùåíà çàäà÷à çà äâîéêè íåïîäâèæíè òî÷-
êè çà ìíîãîçíà÷íèòå èçîáðàæåíèÿ (F1, F2). Èëþñòðèðàìå îñíîâíèÿ ðåçóëòàò ñ
äâà ïðèìåðà, êîèòî îáõâàùà ìíîæåñòâî ðàçëè÷íè ìîäåëè. Ïðèëàãàìå îñíîâíèÿ
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ðåçóëòàò â ìîäåëèòå íà äóîïîëíèòå ïàçàðè, çà äà ïîñòèãíåì ñúùåñòâóâàíå íà
ïàçàðíî ðàâíîâåñèå, êàêòî è â âîäíèòå åêîñèñòåìè, êúäåòî ñúùî ñå ïîëó÷àâà
ðàâíîâåñèå.

[Ä. Íåäåë÷åâà: "Ìåòîäè çà ðåøàâàíå íà îáîáùåíè óðàâíåíèÿ-
êíèãà, Óíèâåðñèòåòñêî èçäàòåëñòâî ïðè ÒÓ - Âàðíà, ISBN 978-954-
20-0819-4]. Òåîðèÿòà íà íåïîäâèæíèòå òî÷êè èìà ìíîæåñòâî ïðàêòè÷åñêè ïðè-
ëîæåíèÿ. Òÿ ñå èçïîëçâà ïðè ðåøàâàíåòî íà îáîáùåíè óðàâíåíèÿ, ñèñòåìè îò
íåëèíåéíè âàðèàöèîííè íåðàâåíñòâà, ñèñòåìè éåðàðõè÷íè âàðèàöèîííè íåðà-
âåíñòâà, â òåîðèÿòà íà èãðèòå è ò.í.

Â òàçè êíèãà å äîêàçàíà ëîêàëíàòà ñõîäèìîñò íà òðè ìåòîäà çà ðåøàâà-
íå íà îáîáùåíè óðàâíåíèÿ. Îáîáùåíèòå óðàâíåíèÿ, ñëóæåùè êàòî àáñòðàêòåí
ìîäåë çà ðåøàâàíå íà ìíîãî âàðèàöèîííè çàäà÷è, êàòî çàäà÷è íà ëèíåéíîòî
è íåëèíåéíî îïòèìèðàíå, ñèñòåìè îò íåëèíåéíè óðàâíåíèÿ, íåîáõîäèìè óñëî-
âèÿ îò ïúðâè ðåä íà íåëèíåéíî îïòèìèðàíå è äð. Òå ñå èçïîëçâàò øèðîêî è â
èíæåíåðíèòå íàóêè è èêîíîìèêàòà.

Â ãëàâà 1 ½Îñíîâíè äåôèíèöèè è ðåçóëòàòè� äàâàìå èñòîðè÷åñêà èíôîð-
ìàöèÿ çà îñíîâíèòå çàäà÷è, ïðåäñòàâåíè â êíèãàòà. Ñúùî òàêà ñà èçëîæåíè
íÿêîè îñíîâíè îïðåäåëåíèÿ è äîáðå ïîçíàòè ðåçóëòàòè.

Â ãëàâà 2 "Ìåòîä îò Íþòîíîâ òèï, âêëþ÷âàù òî÷êîâà àïðîêñèìàöèÿ"ñå
äîêàçâà ëîêàëíàòà ñõîäèìîñò íà ìåòîäà

0 ∈ A(p, xk, xk+1) + F (xk+1),

ñ öåë äà ñå íàìåðè ðåøåíèåòî íà îáîáùåíîòî óðàâíåíèå:

Äà ñå íàìåðè x ∈ X òàêà ÷å 0 ∈ f(p, x) + F (x).

Äîêàçàíî å, ÷å òîçè ìåòîä å ñõîäÿù êúì ñòîéíîñòòà s(p) íà ëèïøèöîâàòà ëîêà-
ëèçàöèÿ íà èçîáðàæåíèåòî íà ðåøåíèåòî, àêî èçîáðàæåíèåòî

f(p̄, x̄) +∇xf(p̄, x̄)(· − x̄) + F (·)

å ñòðîãî ìåòðè÷íî ðåãóëÿðíî â x̄ çà 0 ñ åäíîçíà÷íà ëèïøèöîâà ëîêàëèçàöèÿ σ
îêîëî 0 çà x̄ íà îáðàòíîòî èçîáðàæåíèå

[f(p̄, x̄) +∇xf(p̄, x̄)(· − x̄) + F (·)]−1,

f å ëèïøèöîâà ôóíêöèÿ ñïðÿìî p ðàâíîìåðíî ïî x, ôóíêöèÿòà A : P × X ×
X → Y å (n, α) - ïîòî÷êîâà àïðîêñèìàöèÿ çà f è ∇xf å ëèïøèöîâà ñïðÿìî x
ðàâíîìåðíî ïî p.

Â ãëàâà 3 "Ìåòîä íà õîðäèòå çà ðåøàâàíå íà ïàðàìåòðè÷íè îáîáùåíè
óðàâíåíèÿ"èçó÷àâàìå ëîêàëíàòà ñõîäèìîñò íà ìåòîäà íà õîðäèòå çà ðåøàâàíå
íà íåãëàäêè îáîáùåíè óðàâíåíèÿ îò âèäà:

Äà ñå íàìåðè x ∈ X òàêà ÷å y ∈ f(x) + F (x),
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êúäåòî f å ôóíêöèÿ, F å ìíîãîçíà÷íî èçîáðàæåíèå, äåôèíèðàíî âúðõó áàíà-
õîâî ïðîñòðàíñòâî X ñúñ ñòîéíîñòè â ëèíåéíî íîðìèðàíî ïðîñòðàñòâî Y.

Äîêàçàíà å ñõîäèìîñò íà ìåòîäà

y ∈ f(xk) + A(xk+1 − xk) + F (xk+1),

ïðè óñëîâèå, ÷å ìíîãîçíà÷íîòî èçîáðàæåíèå

[f(x∗) +∇f(x∗)(· − x∗) + F (·)]−1

å Îáåí-íåïðåêúñíàòî â (0, x∗) ñ êîíñòàíòà M , f : X → Y å ôóíêöèÿ, ÷èÿòî
ïðîèçâîäíà ïî Ôðåøå å L−ëèïøèöîâà è îïåðàòîðà A ∈ L(X, Y ) å òàêúâ, ÷å
2M‖∇f(x∗)−A‖ < 1. Íåêà óòî÷íèì, ÷å êîãàòî A = ∇f(x0) è y = 0 òîçè ìåòîä
ñå ðåäóöèðà äî äîáðå ïîçíàòèÿò ìîäèôèöèðàí ìåòîä íà Íþòîí

0 ∈ f(xk) +∇f(x0)(xk+1 − xk) + F (xk+1).

Îñíîâíîòî ïðåäèìñòâî íà äîêàçàíèÿò ìåòîäà å ôàêòúò, ÷å ïðè ïðèëàãàíåòî
ìó íÿìà íóæäà äà ñå èç÷èñëÿâà ïðîèçâîäíàòà íà ôóíêöèÿòà f , êîåòî â íÿêîè
ñëó÷àè ìîæå äà å ñâúðçàíî ñ äîñòà èç÷èñëåíèÿ.

Â Ãëàâà 4 "Ìåòîä íà ñåêóùèòå"ðàçãëåæäàìå îáîáùåíè óðàâíåíèÿ îò âèäà

0 ∈ f(p, x) + g(p, x) + F (x). (3)

Ðàçãëåæäàìå ìåòîäà

0 ∈ f(p, xk) + g(p, xk) + (∇xf(p, xk) + [p, xk−1, xk; g])(xk+1 − xk) + F (xk+1), (4)

êúäåòî f : P × X → Y å äèôåðåíöèðóåìà â îêîëíîñò íà ðåøåíèåòî (p̄, x̄) íà
îáîáùåíîòî óðàâíåíèå. Ôóíêöèÿòà g : P×X → Y å äèôåðåíöèðóåìà â (p̄, x̄), íî
ìîæå äà íå å äèôåðåíöèðóåìà â îêîëíîñò íà (p̄, x̄). Ïîêàçâàìå, ÷å òîçè ìåòîä å
ñõîäÿù êúì ñòîéíîñòòòà s(p) íà ëèïøèöîâàòà ëîêàëèçàöèÿ íà èçîáðàæåíèåòî
íà ðåøåíèåòî, àêî èçîáðàæåíèåòî

f(p̄, x̄) + g(p̄, x) +∇xf(p̄, x̄)(x− x̄) + F (x)

å ñèëíî ìåòðè÷íî ðåãóëÿðíî â x̄ çà 0, êúäåòî (p̄, x̄) å ðåøåíèå íà ðàçãëåæäàíîòî
îáîáùåíî óðàâíåíèå ñ åäíîçíà÷íà ëèïøèöîâà ëîêàëèçàöèÿ σ îêîëî 0 çà x̄ íà
îáðàòíîòî èçîáðàæåíèå

[f(p̄, x̄) + g(p̄, x) +∇xf(p̄, x̄)(x− x̄) + F (x)]−1.

Ïðè òîçè ìåòîä f è g ñà ëèïøèöîâè ôóíêöèè ñïðÿìî äâåòå ïðîìåíëèâè â îêîë-
íîñò íà òî÷êàòà (p̄, x̄), ïðîèçâîäíàòà ïî ôðåøå ∇xf å ëèïøèöîâà ñïðÿìî x

ðàâíîìåðíî ïî p, 4 lip(σ; 0).l̂ipx(g; (p̄, x̄)) < 1. Çà ðàçäåëåíàòà ðàçëèêà îò âòîðè
ðåä ïðåäïîëàãàìå, ÷å å â ñèëà ñëåäíîòî óñëîâèå ‖[p, x, y, z; g]‖ ≤ K, K ∈ R.

Èçïîëçâàìå ìåòîäà íà ñåêóùèòå è äåôèíèðàìå íåÿâíî èçîáðàæåíèå, âêëþ÷-
âàùî ðåäèöè îò èòåðàöèè, êàòî åëåìåíòè íà ïðîñòðàíñòâî îò ðåäèöè. Ïî òîçè
íà÷èí äîêàçâàìå òåîðåìà çà íåÿâíàòà ôóíêöèÿ. Òàêèâà òåîðåìè îáèêíîâåíî ñå
èçïîëçâàò â ðàçëè÷íè îáëàñòè íà ìàòåìàòèêàòà, âêëþ÷èòåëíî ÷àñòíè äèôåðåí-
öèàëíè óðàâíåíèÿ, íåãëàäúê àíàëèç è ÷èñëåí àíàëèç.
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